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ADVERTISEMENT

The Smithsonian Institution has maintained for many years a group of
publications in the nature of handy books of information on geographical,
meteorological, physical, and mathematical subjects.  These include the
Smithsonian Geographical Tables (third edition, reprint, 1918); the Smithsonian
Meteorological Tables (fourth revised edition, 1918); the Smithsonian Physical
Tables (seventh revised edition, 1921); and the Smithsonian Mathematical
Tables: Hyperbolic Functions (second reprint, 1921).

The present volume comprises the most important formulae of many branches
of applied mathematics, an illustrated discussion of the methods of mechanical
integration, and tables of elliptic functions. The volume has been compiled by
Dr. E. P. Adams, of Princeton University. Prof. F. R. Moulton, of the Univer-
sity of Chicago, contributed the section on numerical solution of differential
equations. The tables of elliptic functions were prepared by Col. R. L. Hippisley,
C. B., under the direction of Sir George Greenhill, Bart., who has contributed the
introduction to these tables.

The compiler, Dr. Adams, and the Smithsonian Institution are indebted to
many physicists and mathematicians, especially to Dr. H. L. Curtis and col-
leagues of the Bureau of Standards, for advice, criticism, and codperation in

the preparation of this volume.
Cuaries D. WaLcorrT,

Secretary of the Swmithsonian Institution.
May, 1922.
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PREFACE

The original object of this collection of mathematical formulae was to bring
together, compactly, some of the more useful results of mathematical analysis
for the benefit of those who regard mathematics as a tool, and not as an end in
itself. There are many such results that are difficult to remember, for one who
is not constantly using them, and to find them one is obliged to look through a
number of books which may not immediately be accessible.

A collection of formulae, to meet the object of the present one, must be
largely a matter of individual selection; for this reason this volume is issued
in an interleaved edition, so that additions, meeting individual needs, may be
made, and be readily available for reference.

It was not originally intended to include any tables of functions in this
volume, but merely to give references to such tables. An exception was made,
however, in favor of the tables of elliptic functions, calculated, on Sir George
Greenhill’s new plan, by Colonel Hippisley, which were fortunately secured for
this volume, inasmuch as these tables are not otherwise available. _

In order to keep the volume within reasonable bounds, no tables of indefinite
and definite integrals have been included. For a brief collection, that of the
late Professor B. O. Peirce can hardly be improved upon; and the elaborate
collection of definite integrals by Bierens de Haan show how inadequate any
brief tables of definite integrals would be. A short list of useful tables of this
kind, as well as of other volumes, having an object similar to this one, is appended.

Should the plan of this collection meet with favor, it is hoped that suggestions
for improving it and making it more generally useful may be received.

To Professor Moulton, for contributing the chapter on the Numerical
Integration of Differential Equations, and to Sir George Greenhill, for his Intro-
duction to the Tables of Elliptic Functions, I wish to express my gratitude,
And I wish also to record my obligations to the Secretary of the Smithsonian In-
stitution, and to Dr. C. G. Abbot, Assistant Secretary of the Institution, for the
way in which they have met all my suggestions with regard to this volume.

E. P. Apams

PRrINCETON, NEW JERSEY
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SYMBOLS

log logarithm. Whenever used the Naperian iogarithm is understood.
To find the common logarithm to base 10:

logio @ = 0.43429 . . . log a.

loga = 2.30259 . .. logi a.
Factorial. #! where » is an integer denotes 1.2.3.4...... . .
Equivalent notation [*

22 Does not equal.

> Greater than.

< Less than.

2 Greater than, or equal to.

< Less than, or equal to.

(1]:) Binomial coefficient. See 1.51.

— . Approaches.

| @ixr| Determinant where @ is the element in the ith row and kth column,
O, wy . . . ) Functional determinant. See 1.37.

6(36'1, Xo. o . o . )

|a] Absolute value of a. If ¢ is a real quantity its numerical value,

without regard to sign. If ¢ is a complex quantity, ¢ = @ + i3,

| ¢ | = modulus of ¢ = +Vaz + (2

7 The imaginary = ++/ — 1.
k=n
E Sign of summation, i.e., zak = +at+at....+an.
k=1 .
k=n

H Product, i.e., H(I +Ee)= (1 +x)(a+220)(x+3%).... (1+n).
k=1

viii



I. ALGEBRA

1.00 Algebraic Identities.

1.
2.

LI o

a"=br=(a—-0)(a 1+ a2 +a" %+ ... .. 4 ab™2 4 pm 1),
ar+£b" = (a+b)et—av W +a 32— ... .. F ab" 2 & b7
n odd: upper sign.
n even: lower sign.

xt+a)x+a)..... (x4 ap) = 2" + Px® - Pyx™ 2 . . ..
+ Pn—lx + Pn
Pi=ay+a+...... + a,.
P, = sum of all the products of the a’s taken % at a time.
P, =aa0;3 . .. .0
. (@ + (02 + ) = (aa F 5B) + (af + ba).
(a2 — 8%)(a? — %) = (aa = bB)? — (af} + ba)

(@+ 0+ (a2 + B2+ 42 = (aa + b8 + ¢¥)? + (by — Be)® + (ca — ya)?
+ (aB — ab)

@+ ++d)(a2+ B2+ 2+ 6) = (aa + bB + ¢y + do)?
+ (aB — ba + c6 —dy)? + (ay — b6 — ca + dB) + (ad + by — ¢B — da)%

8. (ac — bd)? + (ad + bc)? = (ac + bd)? + (ad — be)2
9. (@+b)(d+c)c+a) = (a+b+c)(ab+ bc + ca)—abe.

10.
1%
12,
13.
14.
15.
16.

172
18.
19.
20.

(@ +0)(b+c)c+a) =a*b+c) + b*c + a) + ¢*(a + b) + 2abe.
(@+8)(® + c)(c+ a) = bc(b + ¢) + calc + a) + ab(a + b) + 2abc.
3@+0)0+)c+a)=(a+b+cP - (a+ 5+ ).
& —a)(c - a)(c — b) = a¥(c — b) + b%(a — ¢) + (b — a).
(b —a)c —a)(c —b) = a®® — &) + b( — a?) + c(a® — b?).
(d-a)(c—a)(c—b)=bc(c —b) +cala—c) + ab(b — a).
@=02+@®—cl2+(c—aX=2(a-0b)a—c)+(d—a)db—0c)

+ (c~a)c - )]
B30 — &) + B — @) + 3@ - b2) = (a — b)(b — ¢)(a — c)(ab + bc + ca).
(@+b+0)(@®+ 8+ ) = belb+¢) + calc +a) + abla +b) +a® + b° +
(@4 b+ c)(bc + ca + ab) = a(b + ¢) + b*(c + a) + *(a + b) + 3abc.
G+c—a)c+a—-0)(a+b—c)=ab+c)+b%c+a)+ca+d)

—(a® + B + 3 + 2abc).



2 MATHEMATICAL FORMULZ AND ELLIPTIC FUNCTIONS

2. (@rd+c)(—c4dko)a=-b+c)a+b—c) =20+ Fa® + a®b?)
@+t A -
2z la+ B c~+id;)2‘ Bl - o— d?+@+c—-b—-d?+@+d—-5b-c)2
=4(@*+ 0+ &+ ).
If A=oqa+by+cB
B =af +ba+cy
C=ay+b6+ca
23. (@a+d+c)(a+B+7v)=4+B+C.
24. [+ 8+~ (ab+ b+ ca)][a? + B2+ ¥* — (aB + By + Y)]
= A2+ B*+ C? — (4B + BC + CA).
25. (@ + b3+ ¢ — 3abc)(a® + 3B+ 3 — 3aP8y) = A3+ B + (3 — 34BC.
ALGEBRAIC EQUATIONS
1.200 The expression
f®) =a@r +ax®t+ax™ 24 . ... .. + anax + a,
is an integral rational function, or a polynomial, of the nth degree in «.
1.201 The equation f(x) = o has n roots which may be real or complex, dis-
tinct or repeated.
1.202 If the roots of the equation f(x) = o are ¢y, ¢z, . . ., Cn,
flx) =asx —c)(@x —ca) . . . ... (63 =16
1.203 Symmetric functions of the roots are expressions giving certain com-

binations of the roots in terms of the coefficients. Among the more important
are:

ai
¢1+ Co —I— .......... + Cp = ——
ag
asz
¢iCe + i3+ . . .+ 63 +Cls+. . 0. + €p1Cqn = a—
0
as
Ci1CoC3 + C16264 + . « . F Ci1C3Cs + . . . .. + CpoCn1Cy = — d_
0
a
GBI 0 o o o 'c Cn = (—1)»—
ao

1204 Newton’s Theorem. If s; denotes the sum of the kth powers of all the
roots of f(x) = o, & "

Sk=a+et. ... .. + ¢n

1a; + 5189 = O

202 + $1@1 + S200 = O

3a3 + $182 4 S2@1 + S3a0 = O

404 + 5103 + S202 + S301 4 S4@o = O

oooooooo
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(Ol s
ay
S1= ——
(22
: 2ay  a;?
PR e 9
ag (102
. 303 3may @
RES = (o i vl ey
g ao” (1()3
! 405 | 40103 4a0%a; | 20 | @y
S, (e T SOF, L
a0 a * agd ae at

1.205 If Si denotes the sum of the reciprocals of the kth powers of all the
roots of the equation f(x) = o:
Sk = —I‘k o -
5 o
I0n—1 + S, = 0
2@,—s + S1Gn + S0, =0
3@n—3 + S10n—3 + S2@n + Ssan =0

An
S = ——
an
202 | @*n
= b Ay
Qn Ay
3
An—3 3qp—10n-2 a°n1
Sp = — 30ty -—

s @5 G

1.220 TIf f(x) is divided by « — % the result is
f(&) = (& = O + R.

Q is the quotient and R the remainder. This operation may be readily per-
formed as follows:

Write in line the values of ao, a1, . . . ., @,. If any power of x is missing
write o in the corresponding place. Multiply ao by % and place the product in
the second line under ¢;; add to ¢; and place the sum in the third line under ai.
Multiply this sum by % and place the product in the second line under az; add
to a» and place the sum in the third line under a.. Continue this series of
operations until the third line is full. The last term in the third line is the
remainder, R. The first term in the third line, which is ao, is the coefficient of

x"1 in the quotient, Q; the second term is the coefficient of x*~2, and so on.
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1221 It follows from 1.220 that f(4) = R. This gives a convenient way of
evaluating f(x) for x = A.
1.222 To express f(x) in the form:
f(x) = Ao(x = ]Z)" + A1(x = h)"_l G 6 0 . S An—l(x B k) + 4.
By 1.220 form f(h) = A.. Repeat this process with each quotient, and the

last term of each line of sums will be a succeeding value of the series of co-
efficients Any An—1y « « « + - , do.

Example :
f(x) = 32% 4 20* — 8% + 20 — 4 h=2
3 2 o -8 2 —4
6 16 32 48 100
3 8 16 24 50 06 = 4;
6 28 88 224
14 44 112 274 = A,
6 40 168
20 84 280 = A3
6 52
26 136 = A,
6
32 = 4,
3=14o
Thus:
Q = 3x* + 8a3 + 16a% + 244 + 50
R = f(2) = 96

f@) = 3(x = 2)° + 32(x — 2)* + 136(x — 2)° + 280(x — 2)* + 274(x — 2) + 96

TRANSFORMATION OF EQUATIONS

1.230 To transform the equation f(x) = o into one whose roots all have their
signs changed: Substitute —x for x.

1.231 To transform the equation f(x) = o into one whose roots are all multi-
plied by a constant, m: Substitute x/m for x.

1232 To transform the equation f(x) = o into one whose roots are the
reciprocals of the roots of the given equation: Substitute 1/x for # and multiply
57 tesf4,

1.233 To transform the equation f(x) = o into one whose roots are all increased
or diminished by a constant, z: Substitute x & # for x in the given equation,
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the upper sign being used if the roots are to be diminished and the lower sign
if they are to be increased. The resulting equation will be:

JCh) + of () + 2 7 ) + ’S e R

where f'(x) is the first derivative of f(x), f”(), the second derivative, etc.
The resulting equation may also be written :

A 4+ At 4 Aoxn2 . . . ... + 4,0+ 4, =0

where the coefficients may be found by the method of 1.222 if the roots are to
be diminished. To increase the roots by % change the sign of #.

MULTIPLE ROOTS

1240 If ¢ is a multiple root of f(x) = o, of order m, i.e.. repeated m times,

then
fl&) = (x = mQ; R=o

¢ is also a multiple root of order m — 1 of the first derived equation, f'(x) = o;
of order m — 2 of the second derived equation, f”(x) = o, and so on.
1.241 The equation f(x) = o will have no multiple roots if f(x) and f’(x) have
no common divisor. If F(x) is the greatest common divisor of f(x) and f'(x),
f(x)/F(x) = fi(x), and fi(x) will have no multiple roots.

1250 An equation of odd degree, #, has at least one real root whose sign is
opposite to that of a.,.
1.251 An equation of even degree, #, has one positive and one negative real
root if @, is negative.
1.252 The equation f(x) = o has as many real roots between x = 2; and ¥ = %,
as there are changes of sign in f(x) between x; and .
1.263 Descartes’ Rule of Signs: No equation can have more positive roots
than it has changes of sign from + to — and from — to +, in the terms of f(x).
No equation can have more negative roots than there are changes of signin f(—x).
12564 If f(x) = o is put in the form

Aox =+ Ailx -1 +. .. ... +A.=o0

by 1.222, and Ay, Ay, . . . . . , A, are all positive, % is an upper limit of the
positive roots.

If f(—x) = o is put in a similar form, and the coefficients are all positive,
h is a lower limit of the negative roots.
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If f(1/x) = o is put in a similar form, and the coefficients are all positive,
k is a lower limit of the positive roots. And with f(— 1/x) = o, % is an upper
limit of the negative roots.

1.256 Sturm’s Theorem. Form the functions:
f@) =ax® + a1 f a2 4. .. .+ a,
fil®) =f'(®) = nagx™ + (0 — Dax™ 2+ . . . .+ G
fo(®) = =Ry in f(x) = Q1fi(x) + Ry
fs(x) = =Ry in fi(%) = Qufa(x) + Re

.........

The number of real roots of f(x) = o between x = x; and x = x» is equal to the

number of changes of sign in the series f(x), fi(x), fo(x), . . . when x; is sub-
stituted for & minus the number of changes of sign in the same series when x»
is substituted for x. In forming the functions fi, f», . . . . numerical factors
may be introduced or suppressed in order to remove fractional coefficients.
Example :
f(x) = a* — 22% — 322 + 102 — 4
fi(®) = 22® — 3¢® =30 + 5
folx) = 9a? — 272 + 11
fs(x) = —8x — 3
fa(®) = —1433
f S f2 s Ja
-—o + - + + = 3 changes
x =0 — S + - - 2 changes
X =+ o b db b — - I change

Therefore there is one positive and one negative real root.

If it can be seen that all the roots of any one of Sturm’s functions are
imaginary it is unnecessary to calculate any more of them after that one.

If there are any multiple roots of the equation f(x) = o the series of Sturm’s
functions will terminate with f,, » < n. f,(x) is the highest common factor of
fand fi. In this case the number of real roots of f(x) = o lying between x = x
and x = x, each multiple root counting only once, will be the difference be-
tween the number of changes of sign in the series f, fi, fe, . . . ., fr when &; and %,
are successively substituted in them.

1.256 Routh’s rule for finding the number of roots whose real parts are
positive. (Rigid Dynamics, Part II, Art. 297.)

Arrange the coefficients in two rows:

age ay as ay e e
xnl a1 as as w8 gt e
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Form a third row by cross-multiplication :

a102 — Qoa3 4184 — Qoasy Q1ag — Aoaq
a a1 a1

i oD o g
Form a fourth row by operating on these last two rows by a similar cross-
multiplication. Continue this operation until there are no terms left. The
number of variations of sign in the first column gives the number of roots
whose real parts are positive.

If there are any equal roots some of the subsidiary functions will vanish.
In place of one which vanishes write the differential coefficient of the last one
which does not vanish and proceed in the same way. At the left of each row
is written the power of x corresponding to the first subsidiary function in that
row. This power diminishes by 2 for each succeeding coefficient in the row.

Any row may be multiplied or divided by any positive quantity in order
to remove fractions.

DETERMINATION OF THE ROOTS OF AN EQUATION

1.260 Newton’s Method. If a root of the equation f(x) = o is known to lie
between x; and &» its value can be found to any desired degree of approximation
by Newton’s method. This method can be applied to transcendental equations
as well as to algebraic equations.

If b is an approximate value of a root,

AL T S

b — o ¢ is a second approximation,
@ _ . . s

¢ — = d 1s a third approximation.
/@ =

This process may be repeated indefinitely.

1.261 Horner’s Method for approximating to the real roots of f(x) = o.

Let p, be the first approximation, such that $; + 1 > ¢ > $1, where ¢ is the
root sought. The equation can always be transformed into one in which this
condition holds by multiplying or dividing the roots by some power of 10
by 1.231. Diminish the roots by p; by 1.233. In the transformed equation

Ao(x = P1)" 4 A (x ~ pl)n—l F+.ooo o+ Aa(x - pl) +4,=o0
put
RN

o e A4

and diminish the roots by p,/10, yielding a second transformed equation

A _.P_Q\n . _ﬁ)n—l =
Bo(x n-L -|—Bl(x p-Bpi . 1B.-o
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If B, and B,_; are of the same sign p» was taken too large and must be dimin-
ished. Then take

£ _ B

o) B

and continue the operation. The required root will be:

P2+P3

c= 33 st e e e e
p1+10 100+

1.262 Graeffe’s Method. This method determines approximate values of all
the roots of a numerical equation, complex as well as real. Write the equation
of the nth degree
f®) =ax® — a1+ anx™2—. .. .xa,=o0.
The product
f@)-f(—x) = Agx?r — A® 2+ Apx® 4 —, . . . x4, =0

contains only even powers of x. It is an equation of the nth degree in 42 The
coefficients are determined by

Ao = ad

A = 0% — 2a0a,

As = a? — 2a103 + 20004

As = a5 — 28204 + 20105 — 24005

Ay

D A Y

I

ad — 2a3a5 + 20206 — 22107 + 20403

The roots of the equation

Aoy" — Aly"_l 4 A2yn—2 —_ . e . .t An =0
are the squares of the roots of the given equation. Continuing this process we
get an equation

Rw» — Ru '+ Ru2—....x£R,=0
whose roots are the 27th powers of the roots of the given equation. Put A = 2".
Let the roots of the given equation be ¢, ¢, . . . ., ¢.. Suppose first that

(B0 22 B A 20 0o oac G
Then for large values of A,
S _Re Ao Bn
5} —Ro, %) _E’ o old o Cn —m'

If the roots are real they may be determined by extracting the Ath roots of
these quantities. Whether they are + is determined by taking the sign which
approximately satisfies the equation f(x) = o.

Suppose next that complex roots enter so that there are equalities among
the absolute values of the roots. Suppose that

Pet-2 bal 2 | gl® £ 2 sl Fead, b
Fepm | 2 | enp] 2004 2 liowd
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Then if A is large enough so that ¢, is large compared to ¢, ¢}, ¢, . . . .
¢cp™ approximately satisfy the equation:

Rw? — Ru?' 4+ Ru?2—, .. .+ R,=0

A

B 0,10", Coi2™S < o v s ¢.™ approximately satisfy the equation:

Ruw? — Ryt P+ Rppo»?2— . . . . £ R, =o0.

Therefore when A is large enough the given equation breaks down into a number
of simpler equations. This stage is shown in the process of deriving the suc-
cessive equations when certain of the coefficients are obtained from those of
the preceding equation simply by squaring.

RerFerences: Encyklopadie der Math. Wiss. I, 1, 3a (Runge).
Barrstow : Applied Aerodynamics, pp. 553—-5060; the solution of a numerical
equation of the 8th degree is given by Graeffe’s Method.

1.270 Quadratic Equations.
x4+ 2006 + b = o.
The roots are:

X =—-a+Va-b>
¥y =—a—Va—-b
X1+ X = —20
X1X3 = b.
I a* > b roots are real,

a@® < b roots are complex,
a® = b roots are equal.

1271 Cubic equations.
(1) #®*+ax®+bx+c¢c=o0.

Substitute
a
2) x=9——
(2) g
(3) ¥*—3py—29=0
where
{ &2
== p
3p 3
20 = a_b. Y ...2_. a3 iNc
13 "5 ’

Roots of (3):
Ifp>o0,9>0 ¢>p°

coshd>=7qj—)—;
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y1=2\/}coshi;
w=—21ivp sinhi
y3=——-—z\/31>51nh¢-
Ifp>o0,9<o0,¢>p
coshgp = =L
=L
Y=-—2 pcosh2
&
Yo = ﬁ—i-i\/s_psinh?
y3=———n/7>smh—-
Ifp<o
; q
sinh ¢ = ——
inh ¢ o

y1=2\/_:_psinh2

y2=——+¢\/T3—} cosh—
B F 9.
ys——z—z\/—3pcosh3

It p>o0, ¢ < p?

cos ¢ = \;]F
yi=2vp cos%
y2 = ——+ V3P sm%

y3=—%—v3p sin%(

1272 Biquadratic equations.
agxt + a1x® + an® + azx + ag = o.
Substitute
ay

x—y—&—o

6 I
o B e §nar Ldn A
¥ +002Hy +003Gy+ao4F o)
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H = a4 — a?

G = adas — 30002 + 20,

F = ao’as — 4a’a105 + 6aomtas — 301

I = aoay — 4maz + 307°

F = ap’l — 3H?

J = aotaas + 2010203 — @oas® — a’ag — as®
A = I3 — 27J? = the discriminant
G + 413 = a?(HI — adJ).

Nature of the roots of the biquadratic:

A = o Equal roots are present
Two roots only equal: I and J are not both zero
Three roots are equal: I =J =o
Two distinct pairs of equal roots: G = o; al — 12l? = o
Four roots equal: H =1=J =o.
A <o Two real and two complex roots
A > o Roots are either all real or all complex:
H < o and a@?I — 12H?> < o Roots all real
H > o and a¢?I — 12H?> > o Roots all complex.

DETERMINANTS

1.300 A determinant of the nth order, with #? elements, is written:

A = || L Ao AT A P Qin | = I aij[ y (i, = T S . n)
IO AORN Q231 o el & lel o« o ielisiet e e Aon
B S@a) ) LT Y e a e e A3n
Apl Ap2 An3 o « o o o o o o o o o o Ann

1301 A determinant is not changed in value by writing rows for columns and
columns for rows.

1.302 If two columns or two rows of a determinant are interchanged the re-
sulting determinant is unchanged in value but is of the opposite sign.

1303 A determinant vanishes if it has two equal columns or two equal rows.

1.304 If each element of a row or a column is multiplied by the same factor
the determinant itself is multiplied by that factor.
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1.305 A determinant is not changed in value if to each element of a row or
column is added the corresponding element of another row or column mul-
tiplied by a common factor.

1.306 If each element of the /th row or column consists of the sum of two
or more terms the determinant splits up into the sum of two or more de-
terminants having for elements of the /th row or column the separate terms of
the Ith row or column of the given determinant.

1.307 If corresponding elements of two rows or columns of a determinant
have a constant ratio the determinant vanishes.

1.308 If the ratio of the differences of corresponding elements in the pth and
gth rows or columns to the differences of corresponding elements in the rth
and sth rows or columns be constant the determinant vanishes.

1309 If p rows or columns of a determinant whose elements are rational
integral functions of ¥ become equal or proportional when x = %, the determinant
is divisible by (x — &)?7L,

MULTIPLICATION OF DETERMINANTS

1.320 Two determinants of equal order may be multiplied together by the
scheme:
lasil X | bis| = | cis|
where
Cij=0abj+ asbip+. ... . .+ CGinbjne

1321 If the two determinants to be multiplied are of unequal order the one
of lower order can be raised to one of equal order by bordering it; i.e.:

an a2 o0 o @Wp =L @ ©'5 6000 o0o0dodo o o [e]
A1 A2 ¢ o ¢ o o . (1279 ©), LIt 1@ I 585 G505 0 o -6 oo o]
............. (O A1) 4 16775 0 oA a6 90 *o ol o oo 10 ©
Ani GGn2 « ¢« ¢ o« o » (st e o POl G e S S gk Hlov O o0 8 oea 'S
o o ©o an G2 ain
©), (& (© a1 022 a2n
(@) Moy @) n QAn2 Ann

e A T AP Ty e | 20 ) B (M) Bl o R e bin
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=l A1 « ¢ ¢ P Dl WO T o]
@47l o 10 10t o o 015 « Qun O ., . . . O
® | o .clolhio BA S (o] bu o bln

DIFFERENTIATION OF DETERMINANTS

1.330 If the elements of a determinant, A, are functions of a variable, ¢:

+ ’ ’
@ _|eu Gz ......4n +{an a1 ..... Q1a
= , ’
dt @ G . ... . .0 G @2 .. ... Qg
75 0553 Fs o0 os o A Anl G n2 . . o Qup
!
+. 5 00 Ol of 0% O. DGO B JoM oL O + an @i =0 o ain
as A2 v o o o . . a on

where the accents denote differentiation by &

EXPANSION OF DETERMINANTS

1.340 The complete expansion of a determinant of the nth order contains n!
terms. Each of these terms contains one element from each row and one ele-
ment from each column. Any term may be obtained from the leading term:

A11A22033 « « « « « o« « « Qpn

by keeping the first suffixes unchanged and permuting the second suffixes among
1,2,3,....,n Thesign of any term is determined by the number of inversions
from the second suffixes of the leading term, being positive if there is an even
number of inversions and negative if there is an odd number of inversions.

1.341 The coefficient of a;; when the determinant A is fully expanded is:

At e

9a;;
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A;; is the first minor of the determinant A corresponding to a;; and is a de-
terminant of order #» — 1. It may be obtained from A by crossing out the row
and column which intersect in @;;, and multiplying by (—1)iti,

1.342
Ak B Al A e e
(Z,,lA:,l—}—ang]z-F. o o .-I—dmA]n—Aifizj
Apin AL A, =2 kS
altA1]+a21A2]+ ----- +am,AnJ—‘-A 11-7:=]
1.343

?A A dA;;

da;0ar; " da;; = 0ax;

is the coefficient of @;;ax; in the complete expansion of the determinant A, It
may be obtained from A, except for sign, by crossing out the rows and columns
which intersect in ay and a.

1344
| Aij| X | ai;| = An
| Aij] = AL,

The determinant | A;;| is the reciprocal determinant to A.

1.345
A A Ax| _9A A 9A A
da;0a | Aw; A | 0as; dar  daq Oax;
1.346
, A _| Ay Ba Ay
6ai,-aakl<‘)apq Aki Akl Akq
Am’ Apl qu
1.347
A @A
ad.'jaakz aauaakj
1348 If A =o,

d9A A aA A

da;; 0ary 9aq Oayj

1350 If a;; = a;; the determinant is symmetrical. In a symmetrical
determinant

A=A
1.361 If a;; = —a;; the determinant is a skew determinant. In a skew
determinant

Ay = (-D" Ay
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1362 If a:j = —a;i, and a;; = o, the determinant is a skew symmetrical

determinant.
A skew symmetrical determinant of even order is a perfect square.

A skew symmetrical determinant of odd order vanishes.

1.360 A system of linear equations:

au¥1 + Gk + - . . .. + Gk = by

¥ + Q2% + . . . .. + Qny = ko

A+ 22 + . . . .. + Qunn = k
has a solution:

R VAT B AV S + koA
provided that
A=|ai| Fo.
1.361 If A = o, but all the first minors are not o,
As.g x]—ﬂ"s s]+2k aassaar] (j=I, 2, “ .. .71/)

where s may be any one of the integers 1, 2, . .. ., n.
1362 If by =kr=...... = k, = o, the linear equations are homogeneous,
and if A = o,

X A X ol 2

i (= 5% By o o D)

1.363 The condition that # linear homogeneous equations in 7 variables shall
be consistent is that the determinant, A, shall vanish.

1364 If there are n + 1 linear equations in 7 variables:

aux + apx: + . . ... : + ainn = R
(TH00) e @i iar 50 d < to o ¢ + G9nXn = ko
Am®1 + Gpa¥e + o o o . . AL @iy, = (2
X1 + G¥%y + ... .. +CnXn = kn+1

the condition that this system shall be consistent is that the determinant:

@i I o B oliong ok oo ain kl =0
= w005 o o dic 5 o a0 A2y k2
Apl An2 « o ¢« o o o ¢ o o Ann kn
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1.370 Functional Determinants.
If Y1, ¥2, . - - ., ¥nare n functions of xy, 5, . . . ... 5 4308

Vi = fk(xh X2y o v o o ) xn)
the determinant:

J = |9 9n Oy [ _ |9y:| _00m, 9. - - oY)
3x1 6.’)62 ...... axn axj a(xl, X2y o o o oy x,,)
9y2 9ys 9>
Erol e
3r 9m e
is the Jacobian.
1371 If vy, 9, . - 0oL , ¥ are the partial derivatives of a function
F(ay, 29, . . . .. , %) !
oF .
y,-=8—xi(z=1,2,. 5 o o)
the symmetrical determinant :
Lo
°F G Gy G
H = =
dx; dx; )50 06 0 oo o )
is the Hessian.
1372 If yy, e, . . . . , ¥» are given as implicit functions of x, #,. . ... .,
%n by the # equations:
Fe(y, ¥, . o o . . T, T s y%n) = O
12 Ee % U o & T R 0T, T2 o e R ,%n) =0
then
a(vl,yg, ..... y yn) _ (_I)na(Fl,Fz, ool F,.) 1 a(Fl, Fz, gLamo’ o Fn)
(o, 22,. - 5, %) BBy oy oo ) OV B 6 a0 g T
1.373 1If the » functions y1, y2, . . « . . , ¥» are not independent of each other

the Jacobian, J, vanishes; and if J = o the # functions y1, 9, . . . ., ¥, are not
independent of each other but are connected by a relation

F(y, y2 . « o« .. B R=tc
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1.374 Covariant property. If the variables x;, a»,. . . ., x, are transformed
by a linear substitution:

X; = Qi 51 -+ (Z,’ggz Grol e onio o + a.-,.E,. G=1,2...:,mn
and the functions y1, 32, . . . . . 5 T QIUGRI 5%, by SRR et , ¥, become the functions
Ny M2y e o o - - 0 OF Sy, B S
g8, . ... y M) _ Oy, ¥y L ) In) | ™
6(51; Ezl °°°°° ) Eﬂ) a(xl: X2y o o o e ) xn) iy
or J =7 | aij]

where | @;;| is the determinant or modulus of the transformation.

For the Hessian,
HI=H'Id;jl2.

1.380 To change the variables in a multiple integral :

IRt /s =) -n : SEO, vy e oo o , Y)dydys: ... dyr
to new variables, x1, %3, . . . ., ¥, when v, ¥, . . . . . , ¥» are given functions
o ¥ oy e ) s 468
=", . . A s T 2 F(x)dxdxe . . . . . dxn
a(xl, 260y B R , xn)

where F(x) is the result of substituting wxi, as,. . . ., @ for y1, ¥2, . . ., ¥»
in Fy,, ¥, .« + « « ok

PERMUTATIONS AND COMBINATIONS

1400 Given # different elements. Represent each by a number, 1, 2,3,. . . .
n. The number of permutations of the » different elements is,

2Pn =n!
S =1 3t 3
(123), (132), (213), (231), (312), (321) = 6 = 3!

1401 Given # different elements. The number of permutations in groups of
r (r<#), or the number of r-permutations, is,

n!
wFr = (n—n)!
€g., n=4,71r=3:
(123) (132) (124) (142) (134) (143) (234) (243) (231) (213) (214) (241) (341) (314)

(312) (321)(324) (342) (412) (421) (431) (413) (423) (432) = 24



18 MATHEMATICAL FORMULZE AND ELLIPTIC FUNCTIONS

1402 Given # different elements. The number of ways they can be

divided into m specified groups, with x;, a5, . . . . . , ¥m in each group respec-
tively, (o1 + a2 4. . . .. + %) =7 is
n!
arlimll o v s o X!

eg,n=0m=3, 0 =2 =3, 43=1:

(12) (345) (6) (13) (245) (6) X 6 = 60

(23) (145) (6) (24) (135) (6)

(34) (125) (6) (35) (124) (6)

(45) (123) (6) (25) (234) (6)

(14) (235) (6) (15) (234) (6)
1403 Given » elements of which «; are of one kind, x; of a second kind,
....... , %m of an mth kind. The number of permutations is

n!
B 5 00 0 0 o Al
SR EN T 0 0 6 aie o +Xn=n

1404 Given # different elements. The number of ways they can be permuted
among  specified groups, when blank groups are allowed, is

(m+n—1)!
(m — 1)!
eg., =3, m=2:
(123,0)(132,0) (213,0) (231,0) (312,0) (321,0) (12,3) (21,3) (13,2) (31,2) (23,1)
(32,1) (1,23)(1,32) (2,31) (2,13) (3,12) (3,21) (0,123) (0,213) (0,132) (0,231)
(0,312) (0,321) = 24
1.405 Given # different elements. The number of ways they can be permuted
among m specified groups, when blank groups are not allowed, so that each group
contains at least one element, is
nl(n — 1)!
(n — m)!(m — 1)!

e.g, n=3,m=2:
(12,3)(21,3) (13,2) (31,2) (23,1) (32,1) (1,23) (1,32) (2,31) (2,13) (3,12) (3,21) = 12

1406 Given # different elements. The number of ways they can be combined
into m specified groups when blank groups are allowed is

mﬂ
eg., n=3 m=2:
(123,0) (12,3)(13,2) (23,1) (1,23) (2,31) (3,12) (0,123) = 8
1407 Given # similar elements. The number of ways they can be combined
into m different groups when blank groups are allowed is
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(n+m-—r1)!

(m — 1)n!
eg, n=06 m=3:
@foup't 6554443333222221II,II1II10000000
Group2 01020I1302I1403125041326051423} =28
Group3 00102I103I1204I1320514230615243
1.408 Given 7 similar elements. The number of ways they can be combined

into m different groups when blank groups are not allowed, so that each group
shall contain at least one element, is

(n — 1)!
(m — 1)!(n — myl

BINOMIAL COEFFICIENTS

.I. (n)=_ﬁ!__=( 7 >=ﬂck=n(n—1)(n—2)k!...(n—k+1).

w
R < N
o
S—
I
L5
e
-~
~—
Il
=
7
S
~—
I
-

(=)}
AT
e R
~—
+
—
;3
= +
Cefe)
+
i Y
_;
>+
S
+
+
N

s
(e or o) o)
+(-(1)

1I0. 1 — <7Il> + (Z) S s (—1)”(2) =G
s (- 2)

A
-
|

O
-4

o0
g
R
S
S
£
I
-
S~—~
AR
. B e
i T+
. A~
£
(I
N
S—
TN
[8) et
S—
e
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162 Table of Binomial Coefficients.

URURWRURURORON N AR

/_\
-
NS——

I

2 I

S 3 1

4 6 4 1

5 1o 10 5 I

6 15 20 15 6 1

7 2 35 35 21 7 I

8 28 56 70 56 28 8 I

9 36 84 126 126 84 36 9 1
I0 45 120 210 252 210 I20 45 I0 I
IT 55 165 330 462 462 330 165 SR =Ty I

12 66 220 495 792 024 792 495 220 66 12 I

1521 Glaisher, Mess. of Math. 47, p. 97, 1918, has given a complete table
of binomial coefficients, from # = 2 to # = 50, and k=0 to & = .

1.61 Resolution into Partial Fractions.
If F(x) and f(x) are two polynomials in x and f(x) is of higher degree than

F(x),
F(xlwl F(a) 1 1 (G
flo) &l $p(a) x - a+2 (- 0! derLo(0) x - 6]

s -[75]....

xr—a

00 -[¢5...

(x -0

where

The first summation is to be extended for all the simple roots, a, of f(x) and the
second summation for all the multiple roots, ¢, of order p, of f(x).

FINITE DIFFERENCES AND SUMS,
1811 Definitions.

1. Af(®) =f(x+ k) — f(x).
2. &(x) = Af(x + k) — Af ().
= f(x + 2h) — 2f(x + B) + f(x).
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3. A¥(x) = AY(x + k) — A% ().
= f(x + 3h) — 3f(x + 28) + 3f(x + F) — f(x).

4. AYf(x) = f(x + nk) — —f(x +n— 1h) +
+ (= 1) (=).

n(n I)

fx+n—2h) -

1812
1. Alc¢f(x)] = cAf(x) (c a constant).
2. ALAG®) + @) +. . . = AA(x) + Af() +. ...
3. ALA@) f£(@)] = Ai(x)- Af(®) + fo(x + &) - Afi(x)
= fi(%)- Ah(x) + fo(x) - Afi(x) + Afi(x)- Afa(a).
AR _ L@ -AE) - fi@@) AR®)

f2(x) fo(2) - fo(x + h)
1813 The nth difference of a polynomial of the nth degree'is constant. If
f@) = agkn + @ x™ 1. . ... + @Gnat + an

Arf(x) = nlagh®.

1.82
Arf(x —0)(x—b—k)(x—b—2h) . .... (x—b—n—1h)}
k- n(n—I)(n—z) ..... (n—m+1)h™
=(x-b0x—-b—-h@x-b—2)....(x—0b—n—m— 1k).
DA™ . —
E+0)(@+d+h)(x+b+2h)....x+b+n—1k)

= (—D)™ nn+1) m+2)...... (n +m— 1)k .
(x4+b) (+b+h) w+btoh)....(x+b+n+m—1h)
e Amaz___ (ah =4 I)mdz

4. Alog f(x) = log (1 St Asz(a)c))

5. Amsin (cx +d) = (2 sin7h> sin(cx+d+m

ch+7r).
2

6. A™cos (cx +d) = (2 sin £f—)rncos (cx +d+m i -: ”).
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1.83 Newton’s Interpolation Formula.

1@ = fla) + 222 Afa) + &= ‘”ff”,; 2= 1) nogia) +
NPT VS YRV YOy
EET) (x—a—k);“. s CET ) PN
@0 (x—a—hzl.—*_.l.l Lo )

where £ has a value intermediate between the greatest and least of a, (¢ + nh),
and =x.

1.831
fat i) =70 + % 80 + 22 pgyta) 4 =D 0022 g
L S 80 o o + nA" Y (a) + A~f(a).
1.832 Symbolically
LA eMmo
2. fa+ nh) = (x + B)"f(a)
1.833 If wo = f(a), i = f(a + k), wa = fla+2h), . . .., us=fa+ah),

)
=1+ A) "up = ¢""s uo.

1.840 The operator inverse to the difference, A, is the sum, Z.

1
2=A1=—

Nor—1

1.841 If AF(x) = f(x),
Zf(x) = F(x) + C,

where C is an arbitrary constant.

1.842

1. Zef(x) = c2f(%).

2. ZLA@) + L) +. . . 1=2A) + 2@ +. . .

3. ZL@)-A%@)] = fi(0)-f2(x) = Z[folx + B)-AA()].
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1.843 Indefinite Sums.
1. 2[x—-b0)@x—-b—-—hKE—-b—2k ... @x—-b—n—1h)]

=(—n-_:—I)h(x—b)(x—b—h) ..... (x — b — nk) +C.

I
5 2(x+b)(x+b+h)....(x+b+n—1h)

I I

=Dk G+b0)(@+b4+h ....@&+b+n— 2k
B az
o Za —a"-1+c'
L ch
sin cx———+d)
4 Ecos (cx+d)=———(——2——+C
g . ¢ch J
2 sin —
2
ch
cos(cx——-{—d)
% Zsin(cx+d)=—-—jh—-+c.
zsin;

1.844 If f(x) is a polynomial of degree #,
2 0f(e) = s (1) = e a7 +

— it ah —

aht

>2A2f(x) ENCY

at —1

+H(F5)avw +c

at — 1
1.845 If f(x) is a polynomial of degree #,
f®) = aex™ + ax™ 1 4. . L+ Gua® + a,
Zf(x) = F(x) +C,
F(x) = cox™ 1+ ™ + 6™+ . o+ o + Cny,

and

where
(n+ 1)hco = ay

_(n_:'I)_n Wy + nhey = a4

@%Mh%o i &”Q‘I‘_I)hzcl + (0 = Dher = az

..........

..........

The coefficient ¢n41 may be taken arbitrarily.



24 MATHEMATICAL FORMULZ AND ELLIPTIC FUNCTIONS

1.850 Definite Sums. From the indefinite sum,
Zf(x) = F(x) + C,
a definite sum is obtained by subtraction,
a+nh

Ef(x) = F(a + nk) — F(a + mh).

at+mh

1.851
at-nh

DI = J@ +f@+ B +f@+ o)+« « .+ fla+7—h)
N Bl 4 AR B,

By means of this formula many finite sums may be evaluated.

1.852 1.
Z(x—b)(x—b-h)"(x-b—zh) S M L)
_(e—b+uk)a—b+n—1h) ....(a—b+n—Fh)
(k+ 1)k
(@~ Bi{c=b = Bt i
- (kB + 1)k .
1.853
at+nh
Z(x—a)(x—a—h) . (@=a—FE=1h)
n(n—I)(n—z) 0] (n—k)hk
(k+1)

1.8564 If f(x) is a polynomial of degree m it can be expressed:
fx)=do+di(x—a) + Asx—a)(x—a—h)+....
+Anx—a)x—a—-h) .. (x—a—m— 1h),
a+nk

Zf(x)— R Etbe B _(._—I;__(L__Z_)h2

n(n — r) . n=-m)
(m+1) i

+4n=

1.855 1f f(x) is a polynomial of degree (m — 1) or lower, it can be expressed:

f(x) = Ao + Ai(x + mh) + A2(x + mh) (x + m — 1k)

oo o Apale+mh) ... (x + 2h)
and,

atnh

E f(x) 4o 1
- x(x+h)(xX+2h) . .. (x4 mh) mh{a(a-i—h) . (a+m— 1h)
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-(a+nh) ..... (a+n+m—1h)}
o Ay { I Ll I }
(m—1)h |ala+h)...(a+m—2h) (a+nh)...(@a+n+m—2h)
R +A"“1{5— e }

h a a-+nh

1.856 If f(x) is a polynomial of degree # it can be expressed:
flx) = Ao + A1(x + mh) + Az(x + mh)(x + m — 1h) + .

+ An(x+mh) . .. (x+h)
and, A
a-t+n
2 fx) =ﬁ 1
wd x4+ k) ... (x+mh) mh|ala+h) . . (@+m—1h)
1
(a+unh) ..... (a+m+n—1h)}
A I a+-nh
e[ 5t I I
FEas - 4 e I 15 a+nh}+ "‘Zx
where,
atnh
2£=£ i I I
x a a+h a4+ 2k a+n— 1k

1.86 Euler’s Summation Formula.

e - 2 f 0 + 41 {10) = 1@} + 4 {10) -1@) ],
i 4 Al ([E) = [ (a)),

f N EE

x=a
hzm—l h2zm—2
m—1
On(z) = +A1( —1)!+A2(m—2)! B ol LA
m!ip.(z), with & = 1, is the Bernoullian polynomial.
Ay = -1, Asr 1 =o0; the coefficients Aq: are connected with Bernoulli’s
numbers (6 902), B;, by the relation,
B,
AT s ALt
AR = Lot o)
I 1 1 1
A1=—;, Az=l—2', A4——;5 SRS 5
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1.861
b
PICES S -2 -m0} + L0 -r@)
- ISl -1m@ |+ L e - ) e
1.862

I 1 du, 1 dPu, 1 du,
ZMI=C+fu,dx—;ux+-I-;E; " w20 dx3+3024o dz® | e

SPECIAL FINITE SERIES

1.871 Arithmetical progressions. If sis the sum, ¢ the first term, 6 the common
difference, ! the last term, and »# the number of terms,

s=a+@+8)+(@+20)+....[a+(n—-1)6]
l=a+mn—-1)0

s = g[za + (n - 1)d]

n
=@+,
1.872 Geometrical progressions.
s=atapt+ap’+..... + apm?
. i
s = a? =
a
H'P<I,n==w,s==1__p.
1.873 Harmonical progressions. a,b,¢,d,. . . . form an harmonical progression

if the reciprocals, 1/a, 1/b, 1/¢, 1/d, . . . . form an arithmetical progression.

1.874.
x=n x=n
_ n(n+ 1) s [nn+ )P
D med o S [t
=1 r=1I

o _nn+1) (2n41) e BB o 08
o 6 4'2x_5+2+3 30

£ —1 0 x=1



ALGEBRA 21,

1.876 In general,

¢ ]

\ k+1 k
Ex" = Z+ 3 i 7'12— ar %(?) By = i(é) Bon*=3 + %(152)33 nE=s— L.

x=1

. By, Bs, Bs, ... are Bernoulli’s numbers (6.902), (2) are the binomial

coefficients (1.51); the series ends with the term in # if 2 is even, and with the
term in #2? if % is odd.

1.876
RN TR T T 1 I as
';+2+5+4+--..+;—'Y+10gn+2n—m
o ren ek, i S S
n(n4+1) 0+ 2)
~ = Euler’s constant = 0.5772156649 . . .
I
@ ==
12
Ry
=12
a4=% ak=%[x(1—x) (2—=%).....(—-1—2)dx
9
% =%
1.877
a1 Ha 2% 1 b b
12+22+32+""+n2—6-n+1—(n+1)(n+2)
by ¥
(p+o)(w+2) w43 777
_ (k=1n!
bk————k
1.878

I Cy

Ltk TP e 1Ty T IR
TE L g% ] e m+1) (n+2)

3
(n+1) (n+2) (n+3)

C = 2;—3 = 1.2020560032
ko=

(k—I)!(l Touly 1)
k 1+2+3+°"'+k—1,

Cr =
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1.879 Stirling’s Formula.
log (n!) = log V27 + (n +—;—) logn —n

A (2k — 4)!
+72+. I T =
—2)!
g (2k — 2)!

qpek—1

0<0<1. The coefficients 4 are given in 1.86.

1.88
I 141l +2-20 43304+, .. .+ nnl=(n+r1)!

2. 1°2:34+2°3°4+3°4°5+....+nn+1) (B+2) =in(n+1) (n 4+ 2) (1 +3).

30 T:2:3 . o o+ 2034 . (r D) +n(n+1) (n+ 2)
cee.(nt+r—1)
=n(n-l—I) @2 9) 5 5 .(n+r).
r+1
4. 1 p+2(p+ ) +3(p+2) +. .. +n(p+n—1)

=%n(n+ 1)(3p + 2n — 2).

5 P+ (-1 @g-D+(p-2)g-2)+....... (p—n) (g —n)
= én[épq —(n-1)(3p+3g—2n+1)])
b b(b+1) B(b+1)....(0+n—1)
6'I+E+a(a+1) a(a+1)....(a+n—1)'
bb+1)....0B+n @i

=(b+1—a)a(a+1). R (2 S s i e



II. GEOMETRY

2.00 Transformation of codrdinates in a plane.

2.001 Change of origin. Let x, y be a system of rectangular or oblique covr-
dinates with origin at O. Referred to x, y the cotrdinates of the new origin O’
are a, b. Then referred to a parallel system of coordinates with origin at O’
the coérdinates are «/, y'.

x=a+a

y=y+b
2.002 Origin unchanged. Directions of axes changed. Oblique codrdinates.
Let w be the angle between the x — y axes measured counter-clockwise from
the x- to the y-axis. Let the a’-axis make an angle o with the x-axis and the
y'-axis an angle 3 with the x-axis. All angles are measured counter-clockwise
from the x-axis. Then

xsin w =« sin (W — @) + ¥ sin (w — B)
ysin @ = &’ sin a + 9’ sin 8
w=p0-a.
2.003 Rectangular axes. Let both new and old axes be rectangular, the new
axes being turned through an angle 6 with respect to the old axes. Then

™ ™
W= =0,B=;+0,

% =2"cos § — 9 sin 6
y =2 sin 0 + 5’ cos 0.

2.010 Polar cosrdinates. Let the y-axis make an angle w with the x-axis and
let the x-axis be the initial line for a system of polar codrdinates 7, 6. All angles
are measured in a counter-clockwise direction from the x-axis.
7 sin (w — 6)
£ sin w

sin 6
y=r—-

2.011 TIf the x, y axes are rectangular, w = %,

x=rcos 0
y=rsin 0.
29
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2.020 Transformation of coordinates in three dimensions.

2.021 Change of origin. Let x, v, z be a system of rectangular or oblique coor-
dinates with origin at 0. Referred to x, y, z the codrdinates of the new origin
O’ are a, b, c. Then referred to a parallel system of coérdinates with origin at
O’ the coordinates are &/, o/, 3.

x=% +a
A=t Rk
z2=2'+¢

2.022 Transformation from one to another rectangular system. Origin un-
changed. The two systems are x, y, z and &’ y' 2.

eferre % irectl sines of x’ are Iy, m, m
Referred to x, y, 2 the direction cosines of x’ are I, m;,

Referred to x, y, 2 the direction cosines of y’ are ly, m2, n,
Referred to x, y, 2z the direction cosines of 3" are I3, ms, 13

The two systems are connected by the scheme:

x’ y/ Z,
X l1 lz l3
y my Mma ms
b4 1 2] "3
x=he' + by + b2’ x' = hx + my + ms
y = mix’ + may’ + mgs’ v = lx + may + 1oz
3 = mx' + nyy’ + naz’ 3" = Ly + mgy + 15z
l12 =+ m12 + nlz =1 ll? AF l22 < l-‘j2 =
IP+md 4+ ngd =1 mi® + ma* + mg’ = 1
I+ mg® + n = 1 m? 4+ el + m? =1

limy + loma + lyms Llz + mymg + mne = o
iy + maiy + mgng = 0 by + mams + nang = o
ml + mole  + msls I + mamy + gy = o
2.023 1If the transformation from one to another rectangular system is a rotation

through an angle 6 about an axis which makes angles «, 8, v with #, ¥, z re-
spectively,

i

2c0s @ =0 +ms+m—1
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cos? a. cos? 3 cos? 7y

me +

e et e (= = 5 e e e

2.024 Transformation from a rectangular to an oblique system.

tangular system:

cos xx’' =1 cos xy’ =1l cos xz’
e /\’ /\,
cos yx' = my cos yy' = my COS V3
P N N
cos zx’' =m cos 2y’ = ny cos zz’
=hx' +hy +b3
y = mx’ + may’ + msz’
2 =mx’ + nyy' + nsz’
cos 'z’ = lols + mams + nang
N
COos z’x’ = 1311 + magmy + ngng
P i
cos &'y" = Ly + mymy + mng
W+ m? +nt =1
L+ m® + ngf =1
I+ md +nd =1
2,026 Transformation from one to another oblique system.
A P S
cos xx’ = I, cos xy’ = b cos xz’ = I3
a5 = -~
cos yx' = my cos yy' = ma cos yz' = my
A P P
cos 2x’ = m cos zy’ = ng cos 23’ = mg
A=|LbLL
mMimeoms
1 M2 N3
x=hx' +hy +1b2
= mx’ + mgy’ + mgz’
2 =mx' 4 ney’ + n3’
A-x" = (mang — mana)x + (nals — nsh)y + (bms — lsma)z,
A-y" = (mgmy — mung)x + (nsh — mls)y + (lsmy — hmy)z,
Az’ = (mny — mam)x 4+ (mly — nah)y + (hma — lomi)z.

%', v', 2’ oblique system.

31

x, ¥, 3 rec

s

[
3

= M3

L%+ m? + nd + 2mumy cos yz + 2ml; cos zx + 2lymy cos xy =i
P

b2 + m? + n® + 2mamy cos s + 2n9ls cos zx + 2lyms cos xy =1I,

I + ma® + n? + 2mzmz cos yz + 2n3l3 cos zx + 2l3mg cos xy =

) )

X4+ ycosxy+ zcosxz=hx’ +bLy + b,
Py AN

Y + & cos xy + 2 cos 2y = mx’ + may’ + maz’,
A~ P

%+ % cos xz + y cos 2y = mx’ 4 nyy’ 4 ngz'.
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2.026 Transformation from one to another oblique system.
If #,, ny, n, are the normals to the vlanes yz, zx, xy and #,’, n,’, n,” the
normals to the planes y'z’, 2’x’, x’y’,

<o ’ - ’ 5 ’ TpS
xcosxn, =& cosax'ng+y cosyn+ sz cosz'n,
S ’ 7 ’ s ’ o
YCOS Yy =% COSXMy—+ Y COSYHny—+ 3 COS2zny
% ’ o ’ s ’ e
zcoszn, =« cosa'n,+y cosy'n,+z' cosz'n..

A o~ P S
%’ cos ¥'n, = x cos an, 4y cos yn, + 3 cos zm, .

N
y’ cos ¥'n,’

/\, S ’ /\,
X COS X1y -+ 7y COS yn, -+ 2 COSzZNHy.
i

N ’ N ’ ’
X COS X¥n, + y COSyn, + % COS 2n; .

’ D=
2’ cos z'n,

2.030 Transformation from rectangular to spherical polar codrdinates.

7, the radius vector to 4 point makes an angle 6 with the z-axis, the projection
of 7 on the x-y plane makes an angle ¢ with the x-axis.

x =7 sin 0 cos ¢ r2 = a2 + 9% + 22
y =7 sin 0 sin ¢ 0=cos"17;;z—‘——ym5
z=rcosf ¢=tan‘1%

2.031 Transformation from rectangular to cylindrical codrdinates.

p, the perpendicular from the z-axis to a point makes an angle 6 with the
x-z plane. i

x=pcosf p = Va2 + 42
y = psin 0 0=tan—1%;
z=2

2.032 Curvilinear coérdinates in general.
See 4.0

2.040 Eulerian Angles.
Oxyz and Ox’y'z’ are two systems of rectangular axes with the same origin O.
OK is perpendicular to the plane 20z’ drawn so that if Oz is vertical, and the
projection of Oz’ perpendicular to Oz is directed to the south, then OK is directed
to the east.
Angles 70z =0,
YK = ¢,
y75K = .
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The direction cosines of the two systems of axes are given by the following
scheme :

~

x cos ¢ cos @ cos Y — sin ¢ sin ¢
" | — cos ¢ cos 0 sin Y — sin ¢ cos Y
cos ¢ sin 0

sin ¢ cos 6 cos Y + cos ¢ sin ¥ | —sin 8 cos ¥
— sin ¢ cos O sin ¥ + cos @ cos Y| sinfsin ¢
sin ¢ sin 0 cos 0

=

S

2.050 Trilinear Coordinates.

A point in a plane is defined if its distances B
from two intersecting lines are given. Let C4,
CB (Fig. 1) be these lines:

PR = o JES = apy APIR =7 R #
Taking CA and CB as the x-, y-axes, including -
an angle C,
?
X == ’
sin C C 3 A
s
G 0 Fic. 1
Any curve f(x,y) = o becomes:
B TS SN
f(sin C sn C) =%
If 5 is the area of the triangle CAB (triangle of réference),
28 = ap + bq + cr,
A= O
b'=C4;
¢ = AB,
and the equation of a curve may be written in the homogeneous form :
iy ( 25p ! 25q ) SN
(ap + bg + cr) sin C (ap + bg + cr) sin C '

2.060 Quadriplanar Codrdinates.

These are the analogue in 3 dimensions of trilinear cosrdinates in a plane
(2.050).
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%1, %2, %3, ¥4 denote the distances of a point P from the four sides of a tet-
rahedron (the tetrahedron of reference); /i, mu, m; l, ma, nay I3, ms, nz; and
ls, my, ny the direction cosines of the normals to the planes x; = o, &2 = o, 43 = o,
%4 = o with respect to a rectangular system of codrdinates x, v, z; and di, ds, ds,
d, the distances of these 4 planes from the origin of codrdinates :

%1 = hLx +my +mz — da
(1) ¥y = lox + may + 193 — ds
a3 = lsx + mgy + nsz — ds
X1 = Ly + may + 143 — da.
s1, S9, S3, and sy are the areas of the 4 faces of the tetrahedron of reference

and 1V its volume :
3V = 2151 + 298y + X353 + XS4

By means of the first 3 equations of (1) x, v, 5 are determined :

x = Ay + By + Cyrs + Dy,
y = Agx;1 + Bowz + Coxs + Dy,
z = Aswy + Bsxy 4+ Cawz 4 Ds.

The equation of any surface,
B (x:y :Z) =0,

may be written in the homogeneous form :

_ - .
F{ Ay + Byxs + Crxs + 3—{, (s1%1 + Saxe + S303 + Sax4) |,

D =
Aoy + Boxy + Coxs + 3—;, (1301 + S22 + 325 + S22) |,

- ¥y )
Asxy + Baxy + Caxs + 3—;7 (51201 + a2 + S323 + Saxa) } =0,

PLANE GEOMETRY

2.100 The equation of a line:
Ax + By + C = o.

2.101 If p is the perpendicular from the origin upon the line, and a and B the
angles p makes with the x- and y-axes:
P = xcos &+ ycos f.
2.102 If o’ and (3’ are the angles the line makes with the x- and y-axes:
p=7vcosa —uxcos 3.
2.103 The equation of a line may be written
y=ax+b.

a = tangent of angle the line makes with the x-axis,
b = intercept of the y-axis by the line.
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2.104 The two lines:
y =ax + by,
Y = axx + by,
intersect at the point:
K by — by, _ ab; — arhy
T — o Ty AR

2.105

2.106

2.107

2.108

2.109

2.110

2.111

2.112

2.113

where

If ¢ is the angle between the two lines 2.104 :
a — @
tan ¢ = % -
Equations of two parallel lines :
Ax+By+Ci=o I [y =ax+ b,
Ax+By+Co=o0 {y=ax+b2.
Equations of two perpendicular lines :

{Ax+By+C1=o - y = ax + by,
| Bx — Ay + Cp =
x y+Cz=0 y=— X B
a
Equation of line through w1, y; and parallel to the line:
Ax+By+C=o0 or y =ax + b,
A(x —x) + By —y1) =0 or y— 9y =alx —x).
Equation of line through xy, y; and perpendicular to the line
Ax+By+C =0 or y=ax+b,
Blx—x)—-A(y—y) =0 or y—y1=—x—;ﬁ-
Equation of line through w1, 1 making an angle ¢ with the liney = ax + b:

a + tan ¢

Y ang ¢ T

Equation of line through the two points, x1, y1, and s, ys:

= e 2l P18 (AT
y yl—xg_xl(x x1).

Perpendicular distance from the point x, ¥ to the line

Ax+By+C=o0 or y =ax+d,

p=Ax1+By1+C . p=y1—ax1-—b_
VA: + B, Vitad
Polar equation of the line y = ax + b:
__beosa
sin (0 — «)’

tan @ = a.
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2.114 If p, the perpendicular to the line from the origin, makes an angle
with the axis:

p=rcos (6 - 0.
2.130 Area of polygon whose vertices are at %1, ¥1; %2, %25 « o v v v o o
Xny Yn = A-
24 = y1(%n — %2) + yo(wr — a5) + ys(we —24) +. . . . .. + Ya(Xno1 — x1).

PLANE CURVES

2.200 The equation of a plane curve in rectangular codrdinates may be given
in the forms:

(a) y = f(x).
(b) x = fi(t), ¥ = fo(¢). The parametric form.
(c) F(x,3) = o.
2.201 1If 7 is the angle between the tangent to the curve and the x-axis:
dy _ Y
(a) tan 7 = —= =" f
V.,
dfa(t
(b) tanT =0 C .
di §
OF (x, y)
SR X
(¢c) tan7=— 3z, 3) 0 QT M N
ay R
In the following formulas, f
4
ey
y' =5 =tan7 (2.201).
F1G. 2
2202 OM ==x, MP =y, angle XTP = 7. ’
% 72
TP =ycscT = 3% = tangent,

TM =ycott = %7 = subtangent,
PN =y sec T = yv/1 4+ 92 = normal,
MN = ytan 7 = yy' = subnormal.
2203 OT ==x - 37 = intercept of tangent on x-axis,

OT’ = y — xy’ = intercept of tangent on y-axis,
ON =2+ yy’ = intercept of normal on x-axis,

ON' =y + i% = intercept of normal on y-axis.
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2.204 OQ = ———=; = distance of tangent from origin = P.S = projection of
radius vector on normal.
y'(xy —9) y—xy

Bard s o I T3

Coérdinates of Q:

5
2205 OS = -—x—ﬂ,—z = distance of normal from origin = PQ = projection of
Vity radius vector on tangent.

x4+ 3y (x4 9)y

Coordinates of S: T4y 1t 9°

9906 OR - Y= t2 (-

= polar subtangent,

x+yy
PR = & +xy?— ;gf,—m = polar tangent,
Cootrdinates of R: vy’ —9) 20— 2y)
x4+yy 7 x+yy
2.207 OV = \/W S;,—*- 2y) = polar subnormal,
PV = L +;}2)_ ?c/yw = polar normal,

Ve y(x+yy) xlx+yy)
O TP 3

Coordinates of ;
=5y =)

2.210 The equations of the tangent at x;, 31 to the curve in the three forms
of 2.200 are:

() y—n=[ (@) (x—x).
(b) (y = ' (1) = (x — x)fe’ (1)
oF oF
© (x = ) (G es + 0= 90 (G een = o

2.211 The equations of the normal at wx;, ¥ to the curve in the three forms
of 2.200 are:

(@) @) (y—m) + (x—x) =o.
(b) (y — ) (&) + (x = x)fi’ (&) = o.
(c) (x — x1) (%?)xfn == (g)xi.ﬂ .
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2.212 The perpendicular from the origin upon the tangent to the curve
F(x, y) = o at the point x, y is:
oF or
B A T 5 5}
2 \/ Al\: (AP
&)+
2.213 Concavity and Convexity. If in the neighborhood of a point P a curve

lies entirely on one side of the tangent, it is concave or convex upwards according
d%y . . . - T
asy'’ = d_x}-: is positive or negative. The positive direction of the axes are shown

in figure 2.

2.220 Convention as to signs. The positive direction of the normal is related
to the positive direction of the tangent as the positive y-axis is related to the
positive x-axis. The angle 7 is measured positively in the counter-clockwise
direction from the positive x-axis to the positive tangent.

2.221 Radius of curvature = p; curvature = 1/p.
ar

I _ 4
p  ds
where s is the arc drawn from a fixed point of the curve in the direction of the
positive tangent.

2.222 TFormulas for the radius of curvature of curves given in the three forms

of 2.200. \
dy\2? | ¢
_ {H-(fﬂ) [ _ G4y
(a) p - iy - yll
dx?
dn\e  [dy\2) ! ds\2
(i) + (7) (3
) _\a dt - di
PrTmEy i T (& + (2 - (=T
& de " dt ap az) T\ae) ~\ae
If s is taken as the parameter £:
: 1 _dxdy dy dm_ <@>2 (@)2 !
(7 p ds ds* ds ds | \ds *\as
oF\? dF\2 ) ¢
(G + &)
(© p=

Ay, 9T O oF T (ay
352\ 3y axdy % 3y T 3y \ox
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2.223 The center of curvature is a point C (fig. 2) on the normal at P such
that PC = p. If p is positive C lies on the positive normal (2.213); if negative,
on the negative normal.

2.224 The circle of curvature is a circle with C as center and radius = p.

2.2256 The chord .of curvature is the chord of the circle of curvature passing
through the origin and the point P.

2.226 The codrdinates of the center of curvature at the point x, y are £,

E=x—-psinrt
dy
tan‘r—dx

N=y-+p COST
If /, m' are the direction cosines of the positive normal,

E=x+1p

n=y+mp.
2.227 1If I, m are the direction cosines of the positive tangent and /’, m" those
of the positive normal,

dl_ U dm . m

ds = p e
UV'=m, m"= -l
(2’___1, dm’ m
IGEREE ) SRy

2.228 1If the tangent and normal at P are taken as the x- and y- axes, then

limi X
x—0 2y

p=

2.229 DPoints of Inflexion. For a curve given in the form (a) of 2.200 a point

d*y d*x
of inflexion is a point at which one at least of d_z and e exists and is con-
a2
d*y

d?
tinuous and at which one at least of e and e vanishes and changes sign.
If the curve is given in the form (b) a point of inflexion, #, is a point at which
the determinant:
) ()

N (@) f' (4)
vanishes and changes sign.
2.230 Eliminating x and y between the coordinates of the center of curvature

(2.226) and the corresponding equations of the curve (2.200) gives the equation
of the evolute of the curve — the locus of the center of curvature. A curve
which has a given curve for evolute is called an involute of the given curve.
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2.231 The envelope to a family of curves,

I. F(x, y, a) = o,
where a is a parameter, is obtained by eliminating a between (1) and
2 oF o.
aa
2.232 If the curve is given in the form,
I. x=fi(t, a)
2. y =/t a),

the envelope is obtained by eliminating ¢ and a between (1), (2) and the func-
tional determinant,

3. %—(('?—’{—2)) =0 (see 1.370)

2.233 Pedal Curves. The locus of the foot of the perpendicular from a fixed
point upon the tangent to a given curve is the pedal of the given curve with
reference to the fixed point.

2.240 Asymptotes. The line
y=ax+b

is an asymptote to the curve y = f(x) if

limit
a= xﬁco f'(x)

b= o [F&) — af ()]
X =fl(t)7 y =f2(t)7

and if for a value of ¢, #, fi or f; becomes infinite, there will be an asymptote if

for that value of ¢ the direction of the tangent to the curve approaches a limit
and the distance of the tangent from a fixed point approaches a limit.

2.241 If the curve is

2.242 An asymptote may sometimes be determined by expanding the equation

of the curve in a series,
n ©
by
y = zzdkx" + 2: s
77
k=o k=1

@
¢ limit by
I X—o ﬁ
=S

=O,

the equation of the asymptote is

”
Y = E:akx"
k=o









b IS

[ ' rF _v-

B :l' . u'.‘rlp"h'.‘- o




L - - - Ty
, <’ M1
!
4
.
B

-
-
!
v
] 5
- al
1 Y [




GEOMETRY 41

If of the first degree in x, this represents a rectilinear asymptote; if of a higher
degree, a curvilinear asymptote.

2.250 Singular Points. If the equation of the curve is F (x, y) = o, singular

points are those for which
oF OF

‘%= —(’g}- = 0O
Put,

dF OF O*F *\2
T o oy <ax ay)
If A<o the singular point is a double point with two distinct tangents.
A>o the singular point is an isolated point with no real branch of the curve
through it.
A = o the singular point is an osculating point, or a cusp. The curve has two
branches, with a common tangent, which meet at the singular point.
dF oF &*°F §°F &°F
9x 9y 92 9y 9x ay
point is one of higher order.

If simultaneously vanish at a point the singular

PLANE CURVES, POLAR COORDINATES

2.270 The equation of the curve is given in the form,

r = f(6).
In figure 2, OP = r, angle XOP = 0, angle XTP = 7, angle pPt = ¢.

2271 0 is measured in the counter-clockwise direction from the initial line,
0X, and s, the arc, is so chosen as to increase with . The angle ¢ is measured
in the counter-clockwise direction from the positive radius vector to the positive
tangent. Then, ’

T=0+¢.
r df .
2.272 tan ¢=7
sin q’>=r—-ddT6
dr

COS¢=d_s '
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ety sin 0 C% +7 cos 0

dr 3
cos 0‘?5 — 7 sin 6

dr 2) %
— 2 sy
ds = {r +(d0> } do
2.274 JEIR = r\/ L (%9)2 polar tangent
7

PV = \/ r2 <g—g>2 = polar normal
.

anEni=

OR = rz—dd—g = polar subtangent
ov-2Z = polar subnormal
= =7 = polar subnormal.
2
2275 0Q = /_—rz—dr—z = p = distance of tangent from origin.
2, (Y
Ve ()
dr
"0
OS = ————— = distance of normal from origin.

Ve (5

2276 Ifu = ; , the curve r = f(0) is concave or convex to the origin according as

il
e

is positive or negative. At a point of inflexion this quantity vanishes and changes
sign.

2.280 The radius of curvature is,

{’Mr(dr)z %
s 46 .
et (dr>‘l &r

42—} —r—

2281 If u =lr the radius of curvature is

. @}

i u“(u + @)
d62
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2.282 If the equation of the curve is given in the form,
r=f()

where s is the arc measured from a fixed point of the curve,
dr\?
s e (25,
l \/1 (ds>
A0 (fL’)Z -
ras T \gs

2.283 1If p is the perpendicular from the origin upon the tangent to the curve,

d a2
i p=rd—; 22 p=p+d£
2.284 1fu=1r
o)
P df
d*u _r2 (_i£
2.285 (W+M_F<dr>

2.286 Polar cosrdinates of the center of curvature, 7, 6;:

(&) B (o)
o \\ap) “"az| *\av) |\
i b e

do ae’
01=0+X,

L dr
(d@) RErT R

0 (dr>2 L &
r -—

tan

a6) — " g
2.287 If 2¢ is the chord of curvature (2.225):
?

dr
2c=2p -5 = Qp;,

dp

)
d0
=7

2( d2u>’
u u—}-(—i—e—.J

2.290 Rectilinear Asymptotes. If 7 approaches w as  approaches an angle «,
and if r(a — 0) approaches a limit, b, then the straight line

rsin (¢ —60) =5

is an asymptote to the curve r = f(0).
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2.295 Intrinsic Equation of a plane curve. An intrinsic equation of a plane
curve is one giving the radius of curvature, p, as a function of the arc, s,

p =)
If 7 is the angle between the x-axis and the positive tangent (2.271):
d7=£ x=xo+fscos7'-ds
s o
T=To+ s y=yo+fssin T-ds.
w0 J ) o

2.300 The general equation of the second degree:

011x2 + 2a12xy + (122}’2'*" 2a13% + 2a23Y + A3 = O
A =

an Qi A3,

a1 G» 0O Ak = Akh
a1 03 433
A bk = Minor Of a pk-.
Criterion giving the nature of the curve:
Ayx 0O Ay =0
Ax<O0 Au>0
auA or ang
A+0 <0 I >0 Parabola
Hyperbola
Ellipse | Imaginary
Curve
4 0 e S0 Ay or A Ap = A
< ;
r ® <0 | >0 =0
Pair of | Pair of Imaginary | Real Imaginary
A=0 Real Lines DIi)}xble
Straight . ine
Lines Pair of Parallel Lines
Intersection Finite

(Pascal: Repertorium der hsheren Mathematik, II, 1, p. 228)
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2.400 Parabola (Fig. 3). Y

2.401 O, Vertex; F, Focus; N
ordinate through D, Direc-

trix.
Equation of parabola,
origin at O, 0 P 5

¥'= 4ax A N
x=0M,y=MP, .
OF =0D =¢ T 0o \O/F M N X
FL = 2¢ = semi latus p
rectum.
FP =D'P.
2402 FP =FT =MD
=%+ a.
Fi6. 3

NP = 2Va(a +x), TM = 22, MN = 2a, ON = x + 2a.

v JBIEE ws fey
ON—\/a(x+2a),OQ—x a+x’OS (x + 2a0) T

FB perpendicular to tangent TP.
FB = Va(a+x), TP = 2TB = 2V x(a + x).
FB’ = FT x FO = FP X FO.

The tangents TP and UP’ at the extremities of a focal chord PFP’ meet
on the directrix at U at right angles.

7 = angle XTP.

tan T=\/-(Z-
q%

The tangent at P bisects the angles FPD’ and FUD'.
2403 Radius of curvature:

Coérdinates of center of curvature:

E=3x+2a 7= —2x\/£-

a
Equation of Evolute:

270y = 4(x — 2a)8
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2.404 Length of arc of parabola measured from vertex,

s=m+alog (\/1+§+\/§>'

Area OPMO = é—xy.

2.405 Polar equation of parabola:

TA=RFIR;

0 = angle XFP,
e S RO e 2
T 1-—cos 0

2.406 Equation of Parabola in terms of p, the perpendicular from F upon the
tangent, and r, the radius vector FP:
l
7

! = semi latus rectum.

2
i

2410 Ellipse (Fig. 4).

Y
i 4
B A P
L
D
J X
M A T
S F
D'
. Fi1c. 4
2.411 O, Centre; F, F’, Foci.
Equation of Ellipse origin at O:
x2 y2
atE=?

x=0OM,y=MP, a=04, b=0B.
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2.412 Parametric Equations of Ellipse,
X =a cos ¢, y=b sin ¢.
¢ = angle XOP’, where P’ is the point where the ordinate at P meets the
eccentric circle, drawn with O as center and radius a.

2.413 OF = OF’ = ea
Va:—

e = eccentricity = =

2
= % = a(r — ¢®) = semi latus rectum:

F'P=a+ex, FP=a—ex, FP + F'P = 2a.
T = angle XTT"'.

tan 7= - ————— bx_
aVad — a2
2 2 2 2 a2
e A SPT |  e TL s G bk )
a 0 y @
Va: — Ve — e p e ab
= z [ = 2 _ 2 e
2T = , ON b\/a x*, PS Ty

B AR
Vaz — &2
2414 DD’ parallel to T'T; DD’ and PP’ are conjugate diameters:
QD= g2 — @22 =FP X F'P.
OP? +- OD? = a? + b2

os

PS % OD = ab.
Equation of Ellipse referred to conjugate diameters as axes:

B 2l a = angle XOP

g2 At B = angle XOD
2b2 b‘l
Vo= ’ (e a il
a’'=0D et iy g g tan « tan o

b = OP iz 12

T @ sin? B + B cos® B
2415 Radius of curvature of Ellipse:
a4 )t (a2 - @)

a0 ab
angle FPN = angle F'PN = o,
tan w = eZ—Zy,
Ll S8 XL

pcosw I'P F'P’
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Coordinates of center of curvature:

5 a2ty
E = ?: JF= =3 bt

Equation .of Evolute of Ellipse,

] g
ax by\"
2.416 Area of Ellipse, mab.

Length of arc of Ellipse, .
s=a‘/‘\/1—e2 sin? ¢ do.

0

2.417 Polar Equation of Ellipse,
r = F'P, § = angle XF'P,
a(t — &)
1—¢ cos 0
2418 r = OP, 0 = angle XOP,
b
T VI-¢ cost f

2.419 Equation of Ellipse in terms of p, the perpendicular from F upon the
tangent at P, and 7, the radius vector FP:

r

! = semi latus rectum.

2.420 Hyperbola (Fig. s).
2421 O, Center; F, F’, Foci.
Equation of hyperbola, origin at O,

x? y? ¥
a2 7

%=0M, y=MP, a = 04,= 0A4".

I

2.422 Parametric Equations of hyperbola,

% = a cosh u, y =5 sinh u.
or
x=asec ¢, y=>b tan ¢.
¢ = angle XOP’, where P’ is the point where the ordinate at T meets the
circle of radius a, center O.
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2.423 OF = OF’ = ea.

2 2
e = eccentricity = Mo £,
a
Y
NI
s
g P
L
X
7 A T
FlA I ANF MmN
U
F16. 5

2
180k = -b;L = a(e? — 1) = semi latus rectum.

F'P=e¢x+a, FP = ex —a, F'P — FP = 2a.

7 = angle XTP.
. bx
n = T
TS e -a

2 2
M= =2, Of = ¢, 0T =%, 01" = &
a % y

MT =Y =@ pr_NVE-averl-a oy ‘%’ Y sy 3

X X

ab 0S = a2 — a

PS | = —=————— -y ] - ————
Ve — a2 Ve — a?
2.424 OU = Asymptote.
tan XOU = 2
a

b = distance of vertex 4 from asymptote.
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2.425 Radius of curvature of hyperbola,
" (e2x2 - az)%

P ab
angle F'PT = angle FPT.

angle FPN = w = ’—; - FPT.

angle F’PN = w'= 7—: + F'PT.

ae
tan w = i
b
b
Cos W =
'\/82.762 . (12
2 I I

Coordinates of center of curvature,
a*e?
bt

&
E=_a'2—)77=—

Equation of Evolute of hyperbola,

2.426 In a rectangular hyperbola b = a; the asymptotes are perpendicular to
each other. Equation of rectangular hyperbola with asymptotes as axes and
origin at O:
a2
xy = —2 .

2.427 Length of arc of hyperbola,
) 2
e ——S—L..*(ﬁ__é_—;t_, k=1 tan¢ =99,
aeJo V1 — k?sin? ¢ e b?
2.428 Polar Equation of hyperbola:
e —1
e cos 0 —1
bZ
e cos? @ —1°
2.429 Equation of right-hand branch of hyperbola in terms of p, the perpen-
dicular from F upon the tangent at P and 7, the radius vector FP,
i
7

! = semi latus rectum.

r=FP, 0=XFP, r=a

r=0P, 0=XOP, r=

I

2
7wt
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2.450 Cycloids and Trochoids.
If a circle of radius @ rolls on a straight line as base the extremity of any
radius, a, describes a cycloid. The rectangular equation of a cycloid is:

x = a(¢p — sin @),

y =a(1 - cos ¢),
where the x-axis is the base with the origin at the initial point of contact. ¢ is
the angle turned through by the moving circle. (Fig. 6.)

Y

F16.6

A = vertex of cycloid.
C = center of generating circle, drawn tangent at 4.
The tangent to the cycloid at P is parallel to the chord AQ.

Arc AP = 2 X chord AQ.
The radius of curvature at P is parallel to the chord QD and equal to 2 X chord QD.
PQ = circular arc AQ.

Length of cycloid: s = 8a; a = CA.
Area of cycloid: S = 3ma?.

2.451 A point on the radius, 6>a, describes a prolate trochoid. A point,
b<a, describes a curtate trochoid. The general equation of trochoids and
cycloids is

x=ap — (a+d) sin ¢,
y=(a+d (1 - cos ¢),
d = o Cycloid,

d>o Prolate trochoid,
d<o Curtate trochoid.

Radius of curvature:
__(eav+ @)} !
T ay+ad+a
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2.462 Epi- and Hypocycloids. An epicycloid is described by a point on a
circle of radius ¢ that rolls on the convex side o a fixed circle of radius . An
hypocycloid is described by a point on a circle of radius @ that rolls on the con-
cave side of a fixed circle of radius b.

Equations of epi- and hypocycloids.
Upper sign: Epicycloid,
Lower sign: Hypocycloid.
a
®,

b+a

x = (b3 a) cos ¢>=Fcosb

y=(bxa) sin ¢ —a sin

¢.

The origin is at the center of the fixed circle. The x-axis is the line joining the
centers of the two circles in the initial position and ¢ is the angle turned through
by the moving circle.

Radius of curvature:
2a(b+a) . a

P=Tpxz M u®

2.453 In the epicycloid put & = a. The curve becomes a Cardioid:
(2% + 9?)% — 6a%(a® + »*) + 8a’x = 34
2.454 Catenary. The equation may be written:

i y=§a(c§+e_2).
x
2. vy = a cosh by
2 _ a2
! 5 el y_i\/ay_ﬂ

The radius of curvature, which is equal to the length of the normal, is:
x
- et !
p=a cosh’ o
2.455 Spiral of Archimedes. A point moving uniformly along a line which
rotates uniformly about a fixed point describes a spiral of Archimedes. The
equation is:
7 = af,
or

Va2 +4® = ¢ tan™ o%’
The polar subtangent = polar subnormal = a.
Radius of curvature:
_r(i4+ ) (P +a)!
02+ 4 2a
2466 Hyperbolic spiral:

78 = a.
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2.457 Parabolic spiral:
7 =ik
2458 Logarithmic or equiangular spiral:
r = ae",
n = cot o = const.,
« = angle tangent to curve makes with the radius vector.

2459 Lituus: -
V0 = a.

r=a + b0.

2.460 Neoid:

2.461 Cissoid:
(&2 + )% = 209,
r = 2a tan 6 sin 0.
2.462 Cassinoid:
(% + 9% + a?)? = 4a%? + b,
7t — 2a%? cos 20 = bt — at
2.463 Lemniscate (b = a¢ in Cassinoid):
(& + 570 = 2022 — 39),
72 = 2402 cos 26.
2.464 Conchoid:
2%y = (b + )%(a® — ¥%).
2.465 Witch of Agnesi:
a*y = 40*(2a — y).
2466 Tractrix:
e e

=1 51
x—zaloga_\/az_yz )
Gme et
dx \/a2_y2’

aVa? —
p=-—y——o

SOLID GEOMETRY
2.600 The Plane. The general equation of the plane is:
Ax+ By+Cz+ D =o.

2.601 7, m, n are the direction cosines of the normal to the plane and p is the
perpendicular distance from the origin upon the plane.

A, B, C
® l’ m’n====’
VA 4+ B 4 C
p =lIlx 4+ my + nz,
D

TVAy B+
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2.602 The perpendlcular from the point w1, y;, 21 upon the plane Ax + By +
Cs+ D =o is:
. S Axy 4+ Bv, 4 Czy + D
VA BB+ C :
2.603 0 is the angle between the two planes:
Alx - Bly + Clz + D1 . Oy
Aox + Byy + Coz + Dy = 0,
A4y1A45 + BBy + C1Ce y

\/A12 + B2 + C¢? \/A22 + B? + Cy?
2.604 Equation of the plane passing through the three points (x1, 1, 21) (2, 32, %) -
(w3, 3, 23):

%

cos 0 =

Y121 1 + v 21 % I + 3 X1 Y I e X1 N &
Vo 22 1 2 X9 I X2 Y2 1 X2 Vo %2
V3 %3 1 23 X3 I X3 Y3 1 X3 V3 23

THE RIGHT LINE

2.620 The equations of a right line passing through the point #1, y1, %1, and whose
direction cosines are /, m, n are:

x—-:rl_y-yl_z—zl.
! m n

2.621 0 is the angle between the two lines whose direction cosines are J;, m;, ,
and lg, Me, Hot

cos 0 = Ly + mume + mns,

sin? 0 = (limy — lLmi)? + (mumg — many)? + (mds — mgly)2.
2.622 The direction cosines of the normal to the plane defined by the two lines
whose direction cosines are /1, m, #; and o, mgns are:

Mae — ety ’ﬂllg — ngl1 lﬂnz — lg”ll
sinf ’ sin § ’ sin 0

2.623 The shortest distance between the two lines:
x—x1=y—'y1=2—21 and x—x2=y—y2=z—22
h my m b 2 Mo

is:
(%1 — %) (mang — momy) + (y1 = y2) (mls — moly) + (21 — 20) (Limy — Lowmy)
d= ,
{ (mane — mony)? + (mils — nal1)? + (lime — lomy)? 2

2.624 The direction cosines of the shortest distance between the two lines
are:
(ming — 1'127%1), (ﬂll2 = nzll). (hms — lamy) \
{(many — mamy)? + (mle — maly)? + (hima — lyma)?}?
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2.625 The perpendicular distance from the point xs, ys, 2 to the line:

X—x Y—m -2
ll ny m

is:
d = {(x—x1)2 + (2 — y0)? + (22 — 21)%}} — {li(oe — 21) + ma(y2 — y1) + m(z: — 20}
2.626 The direction cosines of the line passing through the two points x1, y1, 2
and x», y2, 22 are:
(2 — x), (y2 = ), (22 — 21) k
{2 — 1)+ (y2 — Y1)+ (22 — 31)2}é
2.627 The two lines:

X = mis + pl, X = M2 + pg,
and
y = ms3+ q, Y = m2 -+ qgs,

intersect at a point if,

(my — ma) (1 = @2) — (1 — 1) (p1 — p2) = 0.
The codrdinates of the point of intersection are:

s mipa— Map _ Mge— ea L /= | Gp=th
my — ms nm—n’ my— My Wy — W

The equation of the plane containing the two lines is then

(m = ma) (& = mz — p1) = (my — m) (y— mz — qu).

SURFACES

2.640 A single equation in x, y, z represents a surface:

F(x; Y, Z) =308
2.641 The direction cosines of the normal to the surface are:
oF  9F  oF
ox 6y’ a9z

T
Ox ay dz
2.642 The perpendicular from the origin upon the tangent plane at #, y, z is:

p = lx + my + nz.

2.643 The two principal radii of curvature of the surface F (x, y, 2) = o are
given by the two roots of:
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w0 oF o’F oF =0,

ox? dxdy 0x03 ox
#F R ¥F #F OF
0xdy p 92 9ydz ay
*F *F k + F oF
x93z dydz p 9 9z
oF oF or .
dx dy 9z

where:
ax ay 62.'

2.644 The codrdinates of each center of curvature are:

£=x+§%—i, n-y+£ 61; §=z+§%-
2.646 The envelope of a family of surfaces:
Ty F(x, y, 3, a) =0
is found by eliminating « between (1) and
2. 9—1—? =0
Jda

2.646 The characteristic of a surface is a curve defined by the two equations
(1) and (2) in 2.645.

2.647 The envelope of a family of surfaces with two variable parameters,
«, B, is obtained by eliminating o and 8 between:

I. F(xy Y, %, &, B) = O,
g e
. aa—o
Ll
2 3[3_0

2.648 The equations of a surface may be given in the parametric form:

x = fi(u, v), y=rfu 1), z=/fi(u, v).

The equation of a tangent plane at x;, vy, 2 is:

a(fﬂr f3) a(fa, fl) 3( fl fz)
(x — x) 1), + (y — y) =25 B 7). + (5 — 1) === T o,
where

(o ) _ |3 of
o(u, v) du v

dfs 9fs

du  0dv

, etc. See 1.370.
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2.649 The direction cosines to the normal to the surface in the form 2.648 are:

(fo, f3) 0(fs, ) (S, fo)
a(u, v) > d(u, v)’ d(u, v)

(Gas) + (o5 - Gaty)
2.650 If the equation of the surface is:
z = f(x, y),

the equation of the tangent plane at w1, y;, 21 is:
2-n = (3) -+ (52) 0 - .

2.651 The direction cosines of the normal to the surface in the form 2.650 are:
9 of )
C (6x)’ ( ay) !
af [
U@ G )

2.662 The two principal radii of curvature of the surface in the form 2.650
are given by the two roots of:

(=D = {+ @ —2pgs + (- PIUVI+ P+ Ep+ 1+ P+ ) =0,

where
VTR S s | o’f 9
= ax) q = ay; Y = =

2.6563 If p; and p, are the two principal radii of curvature of a surface, and p
is the radius of curvature in a plane making an angle ¢ with the plane of py,
i st ¢
P M P2

2.664 If p and p’ are the radii of curvature in any two mutually perpendicular
planes, and p; and p, the two principal radii of curvature:

Uy Ty T =

I, my n =

o T dxdy’ ay?

I+I 1.1
p P pop

2.6656 Gauss’s measure of the curvature of a surface is:
I I

P P1P2

SPACE CURVES
2,670 The equations of a space curve may be given in the forms:
(a) Fi(x, y, 2) =0, Flx, y, 2) = o.
(b) x=f(0), y=50, z=70).
© y=9¢@), 3= Y@).
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2.671 The direction cosines of the tangent to a space curve in the form (a) are:
oF, 0F, OF, arF,

oF; 0F, 9dF, dF,

0Fy 8Fy OF, 0F,

where T is the positive root of:

_ (35 (31 éﬁlf (5‘&)2 (G_F2>2 (3_1’2>2
Tz—{<6x>+<ay)+<6z }{ T dy + 9z
{aF1 dF,  oF, 8F; oF, an}

dx Ox B_y' '@ 9z 9z
2.672 The direction cosines of the tangent to a space curve in the form (b) are:
xl yl z’
{xlg + ylg + ZIQ}L!

where the accents denote differentials with respect to &.

I, m, n=

2.673 1If s, the length of arc measured from a fixed point on the curve is the

parameter, &:
dx dy dz

hma=0 30 5

2.674 The principal radius of curvature of a space curve in the form (b) is:
(497 4 51 ‘
p {(yl r I II)2+ (zl r / II)2+ (xl rr ylx//)g}k
Sk
= (xllz+y112+zll2 L s//g)g'
where the double accents denote second differentials with respect to ¢, and s,
the length of arc, is a function of &.

I o\t | [(dPy\% | (d%\2 )}

- {15+ 6+
2,676 The direction cosines of the principal normal to the space curve in the
form (b) are:

2.676 When ¢ = s:

l, 2 (Z’ 144 xlzll) (xl " ylxll)
b

" I(xl 124 ylxll) P (yl ’ Zlyll)
L ’

m
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n

¥ yl(ylzll 21 Zlyll) . x/(zlxll . xlzll)
= T "
where
L - {x/2 + ylg + zlg}*{<y/zll -t zlyll)z + (lell i x/zl/)z + (x/yll v y’xll)2}&.
2677 The direction cosines of the binormal to the curve in the form (b) are:

1,01 a0t
lu L yz —zy 5

D)
n o'l — xlg!!
= ———————y

S
D00 1
71«” il Xy —yx ,

S

where

S = {(ylzll a Z/yll)2 + (Z,x,” . xlzll)2+ (x/yll . ylxll)g}i.

2.678 1If s, the distance measured along the curve from a fixed point on it is
the parameter, &

d*x d*y d*

"= p—» "= p==, "= p—

5 Pgw M =P " T Py
where p is the principal radius of curvature; and
1= (@ e L ‘ﬁ)

= Pgs ds T ds 4

" <‘E d’x _ dx ‘1_22),
m-=Pgs st ds dst

dx d*y dy d%
[l
# o p(ds dst  ds ds2>'

2.679 The radius of torsion, or radius of second curvature of a space curve is:

(22 4 y" + 2"}

'’ \? am’"\? o'\ )}
{(797) +(6—t) +<7) }

T =

1 'xl yl ZI
=%
S xl/ 14 zII
xlll y!ll z//l 3

where S is given in 2.677.
2.680 When ¢ = s:

I ANt fom’'\t | [on'\P |}
T {(a—) +(_aT> +(—aT) }
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—-pt |d &y &
ds ds ds
ds? dst ds?
ds® ds® ds?|.

2.681 The direction cosines of the tangent to a space curve in the form (c) are:
T, %y I8
VI +y?+35"

where accents denote differentials with respect to x:

L, m,n=

,_do@) W,
4T dx
2.682 The principal radius of curvature of a space curve in the form (c) is:

o= {Errltrtey k-
(y’z” — Z/y//)z i y712 a 572
2.683 The radius of torsion of a space curve in the form (c) Js:
= P (oS e
p2(y//z/// st zlly”’)

2.690 The relation between the direction cosines of the tangent, principal
normal and binormal to a space curve is:

l m n = I.
4 m’ n'
lll mll nll

2.691 The tangent, principal normal and binormal all being mutually perpen-
dicular the relations of 2.00 hold among their direction cosines.



III. TRIGONOMETRY

Sin ¥ I 1€
3.00 tan x = ) S6C X = —— CSC & = —— Cot X = )
cos % cos ¥ sin x

tan x
sec? ¥ = 1 + tan%, csc = 1 + cot’x, sin®x + cos®x = 1,

A o . Q . X
versin ¥ = I = COs X, coversin ¥ = 1 — sln X, haversin x = sin? =«

2
. : I — COS 2% % %
30l sinx=—sin (—x) = \/—: = 2\/cos?— — costy
2 2 2
93
2 tan —
o ST X tan «x 2
=251n;cos;= _2_= B
47
\/I+tanx I + tan? &
2
1 1 1
= = = :
V1 + cot’x

0% 4%
cot;——cotx tan ;-}—cotx

|
I

cot f-(r — cos x) = tan i:'(I 4+ cos ),

I

sin y cos (x — y) + cos y sin (x — ),
cos .y sin (x +y) —sin y cos (x + ),
— 31 (e — e %),

\ /1t cos 2% gl
3.02 cos ¥ =cos (—x) = e PR LA 51n2?

3
VIt tantx

i I x
=c052;—sm2;=2 cos’*;—1=

x
I — tan®=
2 i 1

= = = T ’

X x X
1+tan2; 1+ tan x tan; tan x cot-2-—1

& x
cot — — tan — .
2 2 GO sin 2%

x x %, 2 sin &
cot = 4 tan = V1 + cot’x

=cos y cos (x4 ) +sin y sin (x + ),
=cos y cos (x —y)—sin y sin (x — y),
— %(eiz A e—iz).
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3.03 tan x

MATHEMATICAL FORMULZ AND ELLIPTIC FUNCTIONS

= —tan (—x) =

— COS 2%

sin 2x

I — COS 2Xx

I+ cos 2x

sin 2x '’

_sin (x4 ) +sin (x —y)

=

1 4cos 2x  cos (x4 y) +cos (x— )’

Vcos (S0 =B (x+ )

“sin (x+y) —sin (x — )

i%
tan —
2

a8
tan —
2

x
2 tan =
2

+

b

x 4% o %
1—tan- 1+4+tan-—- 1 — tan®-—
2 2 2

= cot x — 2 cot 2x,

3.04 The values of five trigonometric functions in terms of the sixth are given
(For signs, see 3.05.)

in the following table.

sinx=a |cosx=a|tanx=a|cotx=a|secx=a |[cscx=a
a I Vi -1 1
sin x = a Vi—a =
Vita | Vit a a
u a I Va—1
Cos ¥ = \/1—02 a i x Il -
\/I+a2 V1 + g a a
3 a VI_ g . Vs 1
BV, 05 = = =
Vi— g a a a 2 f Va1
'\/I__aZ a i 10
COlN= - —— L |y
a Vi-a a 3 V-1
I it Vit g
sec ¥ = = = 4 27 Rt ST a
Vi-—a? a i a Va -1
1 1t \/I_I_a2 a
csCx = - V4 2 S a
a Vi - g a LT Vgt —1

3.05 The trigonometric functions are periodic, the periods of the sin, cos, sec,
csc being 27, and those of the tan and cot, w. Their signs may be determined

from the following table.

In using formulas giving any of the trigonometric
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functions by the root of some quantity, the proper sign may be taken from this
table.

T| 7 T 3 3 3
o——| — — -1 T T — =T 27 | S — 2 | 2w
2 2 2 2 2 2
OO
0 — go° 90° [9o° — 180° | 180° | 180° — 270° | 270° | 270° — 360° | 360°
sin{ o + 1 + o — —I - o
Ccos 1 + o - -1 - ) + I
tan| o + +oo = o + + - o
cot} Foo + o — Foo + o — Foo
sec I + + o — —1 = B -+ I
csc| Feo -+ it + + o — —1I — Foo

3.10 Functions of Half an Angle. (See 3.05 for signs.)

3.101 L1 I — CoS &
sin ~x = :};\/ —
2 2

E{i\/1+sm x ¥+ V1 —sin x}

1

W ( im)

3.102 I \/1 + cos «
Cos -2‘.76 = =+ T}

1
;{ﬂ:\/l—}—sin x+ V1 —sin x}:

:}:\/ < e tan2 >

3.103 \/I — cos &
tan ;x = £+

1+cosx
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sin x I —COS X
I+ Cos & sin x

)

+VI+tan? ¥ — 1
tan x

3.11 Functions of the Sum and Difference of Two Angles.

3.111 sin (¥ &) =sin & cos y = cos x sin v,

cos x cos y (tan x =+ tan y),

_ tan x + tan y

= 1 S
tan x F tan y TR

i{cos (x + v) + cos (x—y)}(tan x =+ tan y).

3.112 cos (x +y) = cos x cos y Fsin x sin y,

cos x cos y (1 F tan x tan v),

cot x F tan vy

= F
cot x & tan y CROE

cot y Ftan & .
= e gy (&3
cot y tan x F 1 @20

cos x sin y (cot y F tan x).

3.113 tan « + tan y
S RSl IF tan & tan y

cot v+ cot x
Al 3R 0 B
cot x cot yF1
sin 2x + sin 2y

COS 2% 4+ COoS 2y

3.114 o )__cotxcoty¥1
V= "ot yx cot

sin 2x F sin 2y
COS 2% — COS 2y

3.116 The cosine and sine of the sum of any number of angles in terms of the
sine and cosine of the angles are given by the real and imaginary parts of
cos (@4 %+, .. .+x)+isin +am+....+x,)

=(cos x + % sin x;)(cos %, 44 sin %3) . . . . . (COS %, + % sin %)
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3.12 Sums and Differences of Trigonometric Functions.

3.121

3.122

3.123

3.124

3.126

3.130

sin %+ sin y = 2 sin 3(x £ ) cos 3(x F ),
= (cos % + cos y) tan 3(x £ 9),
= (cos ¥y — cos x) cot 3(x Fy),
tan §(x + )

= m (sm GRS Sl y).

cos & + cos y = 2 cos 3(x + ) cos 3(x — ),
sin « + sin y
=17 .
tan 3(x = ¥)
cot 3(x+ )
=—2"— =% (cos y — COS X).
tan 1 (x — ) &g )
cos x — cos y = 2 sin 3(y + ¥) sin 3(y — %)
= —(sin x +sin y) tan 3(x F y).

sin (w£9)

tan x 4 tan y =
COS X COS ¥

sin (x =+ )
= N F
s (x ¥ 9) (tan x F tan y),

tan y tan (x =+ y)(cot y F tan x),

I

1 F tan x tan y
cot (x = )

= (1 ¥ tan x tan y) tan (x £ y).

sin (x +£9)

COERAERCOUYASIEER= 3
sin x sin y

sin x =+ sin y

= tand
cos % + cosy tan § (& & ).

sin x + sin y

.
i Lix F v).
COS & — COS RO )

sinx +siny tanj(x+y)
sinx —siny tan 3(x —y)
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3.140
I. sin & + sin® y = 1 — cos (x + y) cos (x — ).
2. sin? ¥ — sin? y = cos? y — cos? x
= sin (¢ + 4) sin (x — y).
3. cos? & — sin?y = cos (x + y) cos (x — ¥).
Al sin? (x + y) + sin® (x — y) = 1 — cos 2x cos 2y.
5. sin? (x 4+ y) — sin® (x — y) = sin 2« sin 2y.
6. cos? (x + y) + cos? (x — y) = I + cos 2x cos 2y.
s cos® (x + y) — cos? (¥ — y) = — sin 2« sin 2y.
3.150
I. cos nx Cos mx = 5 cos (n — m)x + % cos (n + m)x.
2. sin nx sin mx = § cos (n — m)x — % cos (n + m)x.
3. cos nx sin mx = 3 sin (n + m)x — 3 sin (n — m)x.
3.160
i. e*tiv = ¢? (cos ¥ + 7 sin y).
2. a®tiv = g* {cos (y log a) + 7 sin (y log a)}.
& (cos x & 7 sin x)" = cos #x + ¢ sin nx
[De Moivre’s Theorem]].
sin (x & 7y) = sin x cosh ¥ == 7 cos x sinh v,
52 cos (x + 7y) = cos x cosh ¥ F 7 sin x sinh ¥.
6. cos ¥ = 3(ei® 4 e~i%),
7 sinx = — % (ei® — e~i%),
8. €i* = cos x + ¢ sin x.
9. €% = cos ¥ — ¢ sin x.

3.170 Sines and Cosines of Multiple Angles.

3.171 = an even integer:

2 __ 52 212 VAN i

(n '2)sin3x+(n 2%) (n? — 49
3! 5!

"2 2 (n? — 27) n:(n? — 22) (n% — 4?)

cos #x = 1 — — sin2x sint x —
21 4! 6!

sinnx=ncosx{sinx—- sin®x — .

sinx 4 ...
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3.172 7 an odd integer:

i . n? — 12) n? — 12) (02 — 32) .,

smnx=n{smx——(-—3'—)sm3x+( )S'( 3)sm5.7c—.... .
nt — 12) n — 1%) (n? — 32) .

cos1zx=cosx{1—-(-——2—‘——)51n2x+( )4,( 3)sm“x—....}-

3.173 x an even integer:
n—2 :
<—l)2’n—3 sin®?—3 %
I

n
Wl .
sin nx = (—1)> cosx { 2n-lginn—l g —

(=8 =) s, =)= (1= 6)

Ealisingaliy
2! 3!

o)

+

iy o n g nn — q

cos nx = (—1)2 { 2" lsin™ ¢ — 7 2" 3 sin"? x 4+ <—2,i) 27 % sin "ty

nln—3) (n — .
__(—3;'_(_..___5_)2"—751111;-—63;_'_. .. ‘}.

3.174 # an odd integer:

: Dl . n ] n(n — 3) .

sin nx = (—1)"2 { 2*lsin®x — T 273 sin"? x + S 22aisinZatly
_mn—3) (n—75)

Py 2% 7 sin* 0 x 4 . }

1

a0
2 :
cos nx = (—1) 2 253 s1n%=% &

; n—
COoS X { 27~ gin?—1 x —

(=3 =) s, (=D (=5 -6

277 sin"7 x
2! 3!

s an

+

3.175 n any integer:
n —

2
272 cos =3 x

CERICEY PRSI LEY LI 1R

sin #x = sin x { 271 cos™l g —

2m=7 cos™ ¥

.

2" Tcos" Sy +....

+

(n—3)

n n
cos nx = 21 cos™ x — T 273 cos™ % x + 3 275 cosm 4 &

=) (=3
3!
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3.176 sin 2x = 2 sin « cos x.
sin 34 = sin #(3 — 4 sin? x)
= sin x(4 cos? x — 1).
sin 4x = sin x(8 cos® x — 4 cos x).
sin 5x = sin x(5 — 20 sin? x + 16 sin* x)
= sin (16 cos* x — 12 cos? & + 1).
sin 6x = sin (32 cos® x — 32 cos® x + 6 cos x).

3.177 cos 2% = cos? ¥ — sin®
=1-—2sin’x
=2cos’x — 1.
COs 3% = cos x(4 cos? x — 3)
= cos (1 — 4 sin? x).
cos 4 = 8 cos* x — 8 cos? & + 1.
cos 5% = cos x(16 cos* ¥ — 20 cos? x + 5)
= cos x(16 sin? & — 12 sin? x + 1).
€os 6x = 32 cos® v — 48 cos® x + 18 cos? x — 1.

2 tan x

3.178 tan 20 = —————
I —tan‘x

cot?x — 1
cot 20 = ———.

2 cotx

3.180 Integral Powers of Sine and Cosine.

3.181 # an even integer:

”n

sin® x = (;I_)lz { Cos nx — 7 cos (n — 2)x + n_(n_{;_x_) cos (n — 4)x
nn—1)(n—2 P
- —3—}—2 cos(m—6x+....... + (—I)Z%T@!
2 2,
cos™ ¥ = e cos nx + sl ) ;
e ncos (n — 2)x + —— 7 ¢os (n —4)x
_I_n(n-—l) (n — 2) n!

2/ \2/°
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3.182 # an odd integer:

fn—I
sin™ x=(—_1—)_ifsinnx—nsin (n — 2)x+n
2™ 1 l

——(7—2—?—!) sin (n — 4)x
nln—1) (n—2) . = n! .
A ¥ sin (n -~6)x+....+ (1) (n_1>' (’H_I)'smx .
e/l 2 )
n(n — 1)
Cos™ & = —; | Cos M +n cos (n — 2)x + —7 cos (n — 4)x
nn-n) (=2 "
e 7 cos(m—6)x+...... +(n—1>x<n+1>! Cos ¥
z ) 2
3.183
sin? x = (1 — cos 2x).
sin® x = 1(3 sin x — sin 3x).
sin® ¥ = §(cos 4% — 4 cos 2x + 3).
sin® x = % (sin 5% — 5 sin 3% + 10 sin x).
sin® x = — 35 (cos 6x — 6 cos 42+ 15 CoS 2x — 10).
3.184

cos? x = 2(1 + cos 2x).
cos® x = $(3 cos x + cos 3x).

costx = 3(3 + 4 cos 2x + cos 4x).

cos® ¥ = 15 (10 cos x + 5 cos 3x + cos 5x).

cos® x = g5 (10 + 15 cos 21 + 6 cos 4% -+ cos 6x).

INVERSE CIRCULAR FUNCTIONS
3.20 The inverse circular and logarithmic functions are multiple valued; i.e., if
; T )
o<sin™! ac<—2 5

the solution of x = sin 0 is:
0 = 2nm + sin! x,

where # is a positive integer. In the following formulas the cyclic constants are
omitted.
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3.21
in—1 Ol T —1,, —14/ 2
sin~! ¥ = — sin (—x)=;—cos X = Cos I—X

T . .
== —sin? Vi —a?=—4=sin? (242 — 1)
2 4 2

I x
==cos! (1 — 24%) = tan™! ———
2 Vi1— a2
o 1—V1—a I )2V —a?
=2tan'{ ——— = ~tanl¢ T——-
7 I—2x

VI — 22
=cot‘1%=;—r—ilog (x + Va2 - 1).

3.22

coslax = 7 — cos™! (—x) =7—2T —sinlx = :—cos*1 (222 — 1)

I+x . VT — 22
2cos‘1\/ P sin! Vi1 — x? = tan~! ———=
x

= 2 tan™1 \/I = { 21— &) 3
2

SR GOy
14 22 —1, | V1 — a?

ilog (x + Va2 — 1)= m—ilog (V#* — 1 — x).

3.23

= . x
tan—! x =sin"l ———— = ¢cos!

1
V1 + 2 Vi1t

i — e
=— —cot™l x = sec”! V1 + a2
2 1+a2 2 Vi

I
|
T~
b
=)
1
/I—\
K
~
|

i
{
w
z.
|
i

= 2 sin~! {

\/I+x2—I}*
241 + a2
m—l}

X

1 x
= = tan~! = 2 tan~!
2 1 —x°

L X+c
I—cx

= — tan~! ¢ + tan—
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sin! x + sin! y = sin 1 {xv1 — 3* £ yV1 — &},
cos~! x # cos! y = cosHay F V(1 — «%) (1 — y¥)}.

sin~! x + cos™t y = sinT{xy £ V(1 — «?) (1 — »)}

= cosHyV1 — & FxV1 — ).

Xty
1F xy

i

tan—! x & tan~! y = tan™!

xy £ 1
yFx

i’ 29
Xy £ 3

tan~! x & cot™! y = tan?

cot™!

HYPERBOLIC FUNCTIONS

p718

3.30 Formulas for the hyperbolic functions may be obtained from the corre-
sponding formulas for the circular functions by replacing x by ix and using the
following relations:

I.

2.

I0.

sin ix = 2i(e* — e~ %) = i sinh &,

cos ix = 3(e* + e—*) = cosh x.

(o2
. (2% — 1 o
tan ix = (2——2 = ¢ tanh x.
e+ 1
2z
0 NGt LT :
cot ix = —7 5 = — i coth x.
e — 1
sec 1x £ ech x
ix = = s "
eZ_I_e—Z
: 21 ;
CsCix = — ———— = — ¢ csch x.
er — g%

sin~! ix = 4 sinh~! & = i log (x + VI + 2.

—icosh‘1x=72—r—ilog (x + V1 + 29,

cos™! ix

tan~! ix = 7 tanh™ x = 4 log |/ i e ;c

cot™! ix = —icoth™?w = —7log

L NT
X —1I
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3.310 The values of five hyperbolic functions in terms of the sixth are given in
the following table :

sinh x = a|cosh x = gltanh x = a¢lcoth x = a|sech ¥ = glcsch x = a
a 1 Y 2
- VI-—a I
sinh x = a Va -1 = — = | X=X =
V1 — a o/a‘—l a a
cosh x =| /1 + &* a . (L = Vitd
= e = a2 TG
+ Vi—a | Va -1 a a
a Va: -1 I — I
tanh x = g a = Vi-a | T/——
Vi+d a a VI + &
2 a 1
Vat + 1 I
coth x = - a —— | V1 + a?
a Vat —1 a VI - a?
I I —_— a -1 a
sech & =| ———; = VI-—a? V& -1 il ——
VI + a a a VI+a
I, T 1 — q? a
csch x = = —— v N — 1 —— “
a Va -1 a VI —d

3.311 Periodicity of the Hyperbolic Functions.
The functions sinh x, cosh , sech x, csch « have an imaginary period 277, e.g. :

cosh x = cosh (x + 2min),

where 7 is any integer. The functions tanh x, coth x have an imaginary period 3.

The values of the hyperbolic functions for the argument o, :—ri, i, 377”:

are given in the following table :

o T i [
2

sinh ) 7 o —1
cosh I o -1 o
tanh o ®-7 o -7
coth © o o o
sech I © -1 ©
csch © —1 ® i










d
Lital
TSI
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3.320
T \/ coshx — 1
I sinh-x = \/ ——
2 2
I \/ cosh ¢ + 1
e cosh x =\ ——
2 2

tanhzx_coshx—r_ sinhxy | /coshx —1
3 2 sinhx  coshx+1 Vcosha+1

3.33
s sinh (x + y) = sinh x cosh y =+ cosh x sinh y.
2% cosh (x & ) = cosh & cosh y + sinh « sinh y.
tanh « + tanh y
3 tanhi % o) = I + tanh x tanh y
coth x coth y + 1
4- BORGIESI coth y =+ coth »
3.34
T sinh x + sinh 9y = 2 sinh 3(x 4 9) cosh %(x — ¥).
2 sinh « — sinh y = 2 cosh 3 (x + y) sinh 3 (x — y).
cosh & + cosh y = 2 cosh % (x + ¥) cosh 3 (x — ).
4. cosh & — cosh y = 2 sinh 1 (x 4- ¥) sinh $(x — ¥).
_ sinh (x +9)
52 tanh x + tanh y = Solls oty
_ sinh (x — )
6. tanh x — tanh y = iy
_sinh (x + )
7o coth x + coth y = T
8. cothx—cothy=—w- '

sinh « sinh y
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3.35
I. sinh (x + y) + sinh (x — y) = 2 sinh x cosh y.
2. sinh (x + y) — sinh (x — y) = 2 cosh « sinh y.
cosh (x + 9) 4 cosh (¥ — 9) = 2 cosh x cosh y.
4. cosh (x + y) — cosh (x — y) = 2 sinh « sinh y.
1 _sinhx +sinhy
5 R s )= cosh x + cosh y
1 _sinhx Fsinhy
25 ol e ) = cosh ¥ — cosh y
tanh ¥ 4 tanh y  sinh (x 4+ y).
7 tanh ¥ — tanh y = sinh (x — ¥)."
g cothw +cothy  sinh (x+ )
‘ cothx —cothy ~ sinh (x —y)
3.36. ’

-

. sinh (x4 ) + cosh (x + v) = (cosh x + sinh x) (cosh y + sinh ¥).
sinh (x + v) sinh (x — ¥)

N

sinh? & — sinh? ¥

cosh? x — cosh? y.

3. cosh (¥ +y) cosh (¥ — ) = cosh? x + sinh? y
= sinh? & + cosh? y.

. 1 + tanh 3x

4. sinh x 4+ cosh x = I_—La_nh_%x

5% (sinh « + cosh x)* = cosh nx + sinh .

3.37

s e® = cosh x + sinh x.

2. e~% = cosh x — sinh «,

3. sinh x = 3(e* — e~ 9).

4. cosh x = 1(e* 4 7).
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3.38
I. sinh 2x = 2 sinh « cosh «,
_ 2 tanh «
" 1 — tanh?
28 cosh 2x = cosh? x + sinh? = 2 cosh? » — 1,
= 1+ 2 sinh? #,
_ 1+ tanh’ x
" 1 — tanh? «
tanh 2% = 2 tanh «
¥ X ~ 1+ tanh? x
4. sinh 3x = 3 sinh « + 4 sinh®«x.
5 cosh 3x = 4 cosh® ¥ — 3 cosh x.
h h?
5 tanh 32 = 3 tanh x 4 tanh® x

1+ 3 tanh? x

3.40 Inverse Hyperbolic Functions.

The hyperbolic functions being periodic, the inverse functions are multiple
valued (3.311). In the following formulas the periodic constants are omitted,
the principal values only being given.

T sinh™ x = log (v + Vi + 1) = cosh™ Va? + 1.
2. cosh™ x = log (x + Va? — 1) = sinh™ Vi - 1.
S 15k X
% tanh x—log\/l_x
4. coth™ x = log \/ LFL_ tanh L.
x—1 x
] L/ L
5. sech™ x = log ;—i—\;Q—I = cosh™! —.
1 - :
6. csch™ x = log (— + \/—2 + 1) = sinh™! -
x %
341
0 sinh! x + sinh! y = sinh~1(xV'1 + 32 & yV1 + 22).
2. cosh™ % & cosh™ y = cosh™! (xy + V(a2 — 1) (3* — 1)).
B tanh™! x + tanh™! y = tanh™! ol

I+xy
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3.42
1. cosh™! £(oc + 5) =Ismhgt E<x - 1),
2 & 2 25
¥ —1 ¥ —1
= -1 _ -1
tanh e 2 tanh el

= log x.
28 cosh™ csc 2x = — sinh™! cot 2x = — tanh™! cos 2z,

= log tan x.
% tanh™! tan? (7_r + Q—C) L log csc .

4 2 1
A o & _ T
4. tanh~! tan s log sec .
3.43 The Gudermannian.
Ii,
I. cosh x = sec 6.
2. sinh x = tan 6.
% e® =sec f 4 tan § = tan (£+Q>~
a2
T 0
4. x = log tan <Z+;>'
% 0 =gd «.
3.44
i sinh # = tan gd «.
2 cosh x = sec gd x.
3. tanh « = sin gd «.
& I
4. tanh 5 = tan = gd x-
T

. ez=1+sin gd x=1—cos<;+gdx>.

BT sin C—r + gd x)
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6. tanh~! tan x = § gd 2x.
e tan~! tanh x = 3 gd! 2w.

SOLUTION OF OBLIQUE PLANE TRIANGLES
3.50

a, b, ¢ = Sides of triangle,
a, B, v = angles opposite to a, b, ¢, respectively,

A = area of triangle,
s=%(@+b+0).

Given  Sought Formula

B e (B D)(5—.0)
2 bc
cos Iaz= \/s(s_a)-
bc

a \/(S~b)(s—6)

s(s — a)
cos & = el G,
2bc
A A=+s(s—a)(s—=0b)(s—0c)-
a, b, a B sin 8 = p__s_iag_a'

When a>b, B<% and but one value results. When >a

B has two values.

Y v = 18° - (a + B).

_asin Y.
¢ T sin «
A A =% ab sin 7.

a sin
g P il bt

4 v = 180° — (¢ + ).
2 c=asin'y=asin (a+P).

sin &« sin «
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Given  Sought Formula . :
A A=Eabsin')/=Eazs——m§Sln 2
2 2 sin «
__asin vy .
(1 1) 57 o t.atna—b—_acoS =
@, B a4+ B) = 90° - 37.
Etar = = A 1
tan 2(a B) o cot 37
G ¢ = (a®+ b — 2ab cos Y)i.
= {(a+0)* = 4ab cos® 3y}
= {(a — 0)* + 4ab sin® vy}
_a=b _ sin 3y
S e where tan ¢ = 24/ab =
_asiny
~ sina
A A =% ab sin 7.

SOLUTION OF SPHERICAL TRIANGLES

3.61 Right-angled spherical triangles.

a, b, ¢ = sides of triangle, ¢ the side opposite vy, the right angle.

«, B, v = angles opposite a, b, ¢, respectively.

3.611 Napier’s Rules:

T
The five parts are a, b, co ¢, co &, co 3, where co ¢ = 5 ¢

v is omitted.

The right angle

The sine of the middle part is equal to the product of the tangents of the

adjacent parts.

The sine of the middle part is equal to the product of the cosines of opposite

parts.

From these rules the following equations follow:

sin ¢ = sin ¢ sin «,

tan a
sin b
tan b
cos «

cos 3

COos ¢

tan ¢ cos B =sin b tan «,
sin ¢ sin B,
tan ¢ cos o = sin a tan S,
cos a sin 3,
cos b sin «,
cot a cot 3 =cos a cos b.
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3.562 Oblique-angled spherical triangles.
a, b, ¢ =sides of triangle.
a, B, v = angles opposite to a, b, ¢, respectively.
s=3(a+0b+0),
c=3%(@+B+7),
€= a+ B+ v — 180 = spherical excess,
S = surface of triangle on sphere of radius 7.

Given Sought Formula
@y 3 (5 a sin? £ o = haversin ¢,
_sin (s — b) sin (s — c)
C sin b sin ¢
1 sin (s — b) sin (s — ¢
tan? - ¢ = ( ). ( )-
2 sin s sin (s — a)
1 sin s sin (s — a
cos? —a = —-—(—-—)
2 sin b sin ¢
: hava —hav (b —¢
haversin o = : : ( )-
sin b sin ¢
a, B, v a sin? % a = haversin q,
_ —cos g cos (0 —a)
sin 8 sin ¥
I —cos 0 cos (0 —
tan? —a = ( ) .
2 cos (¢ — ) cos (¢ — )
I cos (¢ — B) cos (o0 —
ot Lgo (@ =P os (@ =),
2 sin 3 sin 7y
T (oo Sk o sin & sin ¢
Ambiguous case. v Y= "sna

Two solutions
possible. 8 tan 6 = tan a cos c.
sin (84 60) =sin 0 tan ¢ cot a

cot ¢ = tan ¢ cos a.
! cos a sin ¢
sin (b4 ¢) = e
a) ’Y’ c
Ambiguous case.
Two solutions
possible.

sin @ sin 7y

c sin ¢ = :
sin «
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Given Sought Formula
tan 0 = tan @ cos 7.
sin (b — 6) = cot a tan <y sin 6.

I _ sin 3(a+v) 1
tan b = T tan 3(a —c)
_cos 3(a+ ) 5
T e tan 3(a + c).

cot ¢ =cos ¢ tan 7y
B

sin (8 — ¢) = —— P cgs S,.i;l 2.

_sin 3(a +0) ¥
; cot e tan (o — 7).
cos 1(a +¢)

e m tan %(a A= ’Y).

a, b, vy COS ¢ = COs @ cos b+ sin a sin b cos #.

tan @ = tan acosy cos ¢ = 505 @ cos % - 0)
tan ¢ = tanbcosy. ¢ cos 0

_cos b cos (a—¢)
- cos ¢
hav ¢ = hav (¢ — b) + sin ¢ sin d hav 7y

sin 6 tan vy

sin (b — 6)

sin 7y sin &
sin ¢

a tan o =

B8 sin 8 =

sin « sin b
sin a

sin ¢ tan 7y

sin (a — @) i

cos 3(a —b) cot 3y
cos 3(a+b)

sin $(a — b) cot 37y
sin 3(a + b) ]

tan B =

r

tan ~(at + B) =
o B 2

tan i(a -B) =

¢, o, B v cos Y = —cos & cos 3+ sin a« sin B cos .

tan € = cos ¢ tan & cos ~ = 508 @ cos (B+ 6)
tan @ = cosc tan 3 = cos 8

_cos B cos (a+¢)
i cos ¢

a Al tan ¢ sin 0.
"~ sin (B4 6)
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Given Sought Formula
_ tan ¢ sin ¢
b tan b = R Y]

Spe cos 3(a — f3) tan ¢
5 cos 3(a + B)
a, b o .
tan 1(a - b) = = i.(a = ) tan §o
sin 3 (a + B)
cot %a cot 3b 4+ cos Y
cot 3e = z 2 r
a, b) Y € 2 sin v
a, b, ¢ € tan? e = tan s tan 1(s —a) tan (s — b)
tan $(s —¢).
¢
€ Y S e 3 e

FINITE SERIES OF CIRCULAR FUNCTIONS
3.60 If the sum, f (), of the finite or infinite series:
fO=wt+tartaear+.....
is known, the sums of the series:
Si=a cos x+ar7 cos (x+y) +azr®cos (xt+29)+....
Se=ao sin x+ a7 sin (x+9)+a27® sin (x+2y)+....

Si = 3{eif(reiv) + e = f(re=iv)},

are:

S = = Hetofrets) — misf(re=iv)}.

3.61 Special Finite Series.

i L e ST
sin — sIn 67
. . 2
I sin kx =
o i
k=1 ST
2
> nx . n+1
cos . sin 43

25 E cos kx =

B et
k=0 sm -
2
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I0.

II.

I12.

13.

14.

1s5.
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n

. n cos (n+ 1)x-sin nx
Etsm2 kx = e : .

2 sin x
k=1
" .
) n+ 2  cos (n+ 1)x-sin nx
cos’ kx = + : .
2 2 sin x
k=o

o — I
N sinnxe 7 8 < 2 )x
E,ksm kx = - —~ .

4 sin? < 2 sin =
2 2

=

. f2m—1
n—1 n sin [ —— |x
2 I — COS nx
k cos kx = - .

2 sin & sin? ¥
k=t 2 4 2

- . sin? nx

2 sin (2k — 1)x = ——-
sin x
k=1

@ sin (x + %—2}) sin <n j ! y>
2 sin (x + ky) = S .
k=0 Sin ;

n cos<x+§y>sin("-2+—1y>
2 cos (x + ky) = 3 :
k=0 sin 2

2
nt-1 . ( i )
Nkl - ~ (g Sin (Gt 2)x
- (=1)*tsin (2k — )& = (—1) G e
o 2TASTERT
. Cos T.’XJ
—1)k == ) e T
Z (—=1)*cos kx i (=1) =
k=1 2 cos

. el i W
Z’k sin pyp < TSI x(1 — 7" cos nx) — (1 — 7 cos x)r" sin nx

I — 27 COS X + 72

2, r* cos kx = (1 — 7 cos x) (1 — 7" cos mx) + r** sin x sin nx

I — 27 COS & + 72

k=0

n
i A\ , /1 x\2
i CCL S| BN CS G =M= NS Ctsg e
2 2 2n 2n

k=1
n 5 2
<2k sin? 7) = (2" sin ——) — sin? x.

2 on

k=1
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6 3 tan - - cot 2 2 cot 2%
16. E:— e T2 5
21c 2Ic 2n on

R n nir T
17. E,cos P I+cos-2—+sm7-

n—Ii iy
2 n n . nT

18. sin =—|{1 4+ cos — —sin —}-
n 2 2 2

. kT m
19. sin — = cot —-
7 2n

n
1 x 2nt2 _ g it x
Z:_ P . i e e KA
20. 22,ctan ot T + 4 cot? 2x o cot =
k—o

3.62

n7n—1

Sn = 2 csc%%

k=1
Watson (Phil. Mag. 31, p. 111, 1916) has obtained an asymptotic expansion
for this sum, and has given the following approximation:
S» = 21{0.7329355992 logi(2n) — 0.1806453871}

0.087266  0.010 0.00 0.00
s 7 3 335 - 54 Y 75 2
n n n n

Values of S, are tabulated by integers from 7 = 2 to # = 30, and from » = 30
to # = 100 at intervals of 5.

The expansion of

where — =< B,

is also obtained.
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3.70 Finite Products.

”n
St
2 .
. : sin? x
1. sin #x = 7 sin x cos & I — 5 | 7 even.
k=1 sin? —
n
2
2 -
sin? x
2. cos nx = = ————— Sl leven.
o N2
k=1, sin'
21
n—I
2 .
. . sin? x
3" sin nx = n sin ¥ I— n odd.
neg LT
k=1 sin? —
n
n—1I
2 . .
sin® x
4. COS 1&% = COS & 1——————\ nodd
o B =1
k=1 sin
2n
n—I1
uf 2k |
5. COS #x — Cos ny = 2" COS ¥ — COS y+7 ]
k=0 )

n—I

2n __ nhn 2n 20 _2_]31) 2\,
6. @ 2a™™ cos nx + b H{a 2abcos<x+ . + b

ROOTS OF TRANSCENDENTAL EQUATIONS
3.800 tan x = x. :
sin x

The first 17 roots, and the corresponding maxima and minima of 2

are given in the following table (Lommel, Abh. Munch. Akad. (2) 15, 123, 1836):

n b2 Max sin x
Min =
I o % I
2 4.4934 —0.2172
3 7.7253 +0.1284
4 10.0041 —0.0913
5 14.0662 +0.0709
6 17.2208 —0.0580
7 20.3713 +0.0490
8 23.5105 —0.0425
9 26.6661 +0.0375
10 29.8116 —0.0335
11 32.9564 ~+0.0303
12 36.1000 —0.0277
13 39-2444 +0.0255
14 42.3879 —0.0236
15 45.5311 +0.0220
16 48.6741 —0.0205

17 51.8170 +0.0193
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3.801
2%
tan x = e
2 — &
The first three roots are:

X1 = O,

T
Xo = 119.26 —I_ST)’

T
ME*, 349:35 Jo2°
If x is large

b S 2 16 v
nw 3nime

(Rayleigh, Theory of Sound, II, p. 265.)

“« o o

3.802
3k}
tan x = . z L
422 — 9
The first two roots are:
X1 = 0O,
X2 = 3.3422.
(Rayleigh, 1. c. p. 266.)
3.803
tan x = ¥R x2.
The first two roots are:
X1 =0,
Xp = 2.744.
(J. J. Thomson, Recent Researches, PAs73%)
3.804
tanx = —~ =
3 — &
The first seven roots are:
X1 = O,
Xg = 1.8346T,

x3 = 2.8950T,
=SR2 2l 7T

%5 = 4.9383T,
%6 = 5.9480T,
© 7 = 6.9563.

(Lamb, London Math. Soc. Proc. 13, 1882.)

3.8056

9
4 — 3%

tan ¥ =
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The first seven roots are:

3.806

The roots are:

3.807

The roots are:

3.808

The roots are:

X

—

X2
X3

X

Xn

X
X2
X

Y

X4

Xs

Il

x =0,

Il

X9 = 0.8160T,

x3 = 1.9285m,

X4 = 2.0350T,
a5 = 3.9658m,
xs = 4.9728T,
X7 = 5.9774m.

cos ¥ cosh x = 1.

= 4.7300408,

7.8532046,

= 10.9956078,
= 14.1371655,
= 17.2787590,
s(en+1)m n>5.

(Lamb, 1. ¢.)

(Rayleigh, Theory of Sound, I, p. 278.)

cos x cosh ¥ = — 1.

= 1.875104,
= 4.694008,
= 7.854757,
= 10.995541,
= 14.137168,

%6 = 17.278750,

Xn=3(2n — 1)m n>6.

I— (14 4% cosa =o.

3.809 The smallest root of

is

X = 1.1025Q0,

(Schlsémilch: Ubungsbuch, I, p. 354.)

X2 = 4.754701,
x5 = 7.837904,
X4 = 11.003766,
X5 = 14.132185,
X6 = 17.282007.
6 — cot 6 = o,

8 =740° ¥1° 36" %

(L c. p. 355.)



3.810 The smallest root of

is

3.811 The smallest root of

is

3.812 The smallest root of

is

3.813

The first roots are:

3.814

The first roots are:

3.90 Special Tables.
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6 — cos @ = o,

0 = 42° 20" 47".3.

(L. c. p. 353.)
xe* — 2 =0,
x = 0.8526.
(L. c. p. 353.)
log (1 +x) — §x =0,
x = 0.73360.
(L c. p- 353.)

1
tanx—x+-3—c=o.

%1 = 4.480,
Xe = 7.723,
X3 = 10.90,
XA =41 4.0/

(Collo, Annalen der Physik, 65, p. 45, 1921.)

I
Cotx+x—a—:=o.

X = 0O,

Xg = 2.744,
a3 = 6.117,
Xy = 0.317,
X5 = 12.48,
X6 = 15.64,
x7 = 18.80.

(Collo, 1. c.)

sin 0, cos @: The British Association Report for 1916 contains the following

tables:

Table I, p. 60. sin 8, cos 0, 6 expressed in radians from 6 = o to § = 1.600,

interval o.oo1, 10 decimal places.

Table II, p. 88. 0 —sin 6, 1 —cos 8, 8 = o.00001 to @ = o.00100, interval

o.0o001, 10 decimal places.
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Table I1I, p. go. sin 6, cos 0; 6 = o.1 to 6 = 10.0, interval o.1, 15 decimal
places.

J. Peters (Abh. d. K. P. Akad. der Wissen., Berlin, 1911) has given sines and
cosines for every sexagesimal second to 21 places.

hav 6, logw hav @: Bowditch, American Practical Navigator, five-place
tables, 0° — 180°, for 15” intervals.

Tables for Solution of Spherical Triangles.

Aquino’s Altitude and Azimuth Tables, London, 1918. Reprinted in Hydro-
graphic Office Publication, No. 200, Washington, 1918.

Hyperbolic Functions.

The Smithsonian Mathematical Tables: Hyperbolic Functions, contain the
most complete five-place tables of Hyperbolic Functions.

Table I. The common logarithms (base 10) of sinh #, cosh %, tanh %, coth u:

% = 0.000I to %

0.1000 interval o.0001,
# = 0.00I tou = 3.000 interval o.001,
% = 3.00 towu=6.00 interval o.or1.

Table I1. sinhu, cosh %, tanh %, coth ». Same ranges and intervals.

Table III. sin %, cos #, logp sin #, logy cos u:

% = 0.000I to # = 0.1000 interval o.0001,

% = 0.100 tou = 1.600 interval o.001.
Table IV. logwe* (7 places), e* and e~ (7 significant figures):

u = 0.00I to # = 2.950 interval o.o01,

u =3.00 tou = 6.00 interval o.o1,

# =10 towu =100 Iinterval 1.0 (9-10 figures).
Table V. five-place table of natural logarithms, log #.
¥

% = 1000 to # = 10,000 varying intervals.

1.0 tou = 1000 interval 1.0,

Table VI. gd u (7 places); u expressed in radians, # = 0.001 to % = 3.000,
interval o.co1, and the corresponding angular measure. % = 3.00 to # = 6.00,
interval o.or.

Table VII. gd~'u, to o’.or1, in terms of gd « in degrees and minutes from
o° 1’ to 8q° 59,

Table VIII. Table for conversion of radians into angular measure.
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Kennelly: Tables of Complex Hyperbolic and Circular Functions.
Cambridge, Harvard University Press, 1914.

The complex argument, x + ig = pe®. In the tables this is denoted pZ4.
p=Va+g, tan 6 = g/x.
Tables I, II, III give the hyperbolic sine, cosine and tangent of (pZ£0)

expressed as rZ7y:
0 =45°to 6 = go° interval 1°

p = 0.0l to p = 3.0 interval o.1.

Tables IV and V give smg 0, taneh E expressed as 7 Z 7y, 0 = p£9,

p=o0.1 top =30 interval o,
0 = 43°tod = go° interval 1°.
Table VI gives sinh (pZ£45°), cosh (pZ45°), tanh (p£45°), coth (pZ£45°),
sech (p Z£45°), csch (p£45°) expressed asr £ 7y:
p=o top= 6.0 intervalo.,
p = 6.05 to p = 20.50 interval 0.05.

Tables VII, VIII and IX give sinh (x + 4g), cosh (x + ig), tanh (x + 4g),

expressed as u + dv:
% =otox = 3.5 intervalo.o5,

g =otog =20 interval o.05.
Tables X, XI, XII give sinh (x + i¢), cosh (x + ig), tanh (x + iq) expressed

STy
x = otox = 3.95 interval o.03,

g=o0tog =20 Iinterval 0.05.
Table XIII gives sinh (4 + 49), cosh (4 + ¢), tanh (4 + 4g) expressed both

asu +wandrZy:
g =otog =20 interval o.05.

Table XIV gives 6;—zand log1o 62—1-

% = 4.00 to ¥ = 10.00 interval o.oI.

Table XV gives the real hyperbolic functions: sinh , cosh 6, tanh 6, coth 6,
sech 6, csch 6.
@ =0 tof =25 intervalo.or,
0 = 2.5 to 0 = 7.5 interval o.1.
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Pernot and Woods: Logarithms of Hyperbolic Functions to 12 Significant
Figures. Berkeley, University of California Press, 1918.
Table I. logo sinh x, with the first three differences.

% = 0000 to ¥ = 2.018 nterval o.001.
Table II. logi cosh .
X = 0.000 to ¥

Table ITI. logi, tanh .
x = 0.000 to ¥ = 2.018 Iinterval o0.00I.

2.032 interval o.001.

sinh x
x

Takle IV. logio
x = 0.00 to ¥ = 0.506 interval o.oo1.

tanh %

Table V. 10g10

x = 0.000 to ¥ = 0.506 interval o.0o1.
Van Orstrand, Memoirs of the National Academy of Sciences, Vol. X1V,
fiftth memoir, Washington, 1g921.
nmw

I e .
Tables of —, 7, 7%, "™, ¢, ¢” 365, sin x, cos , to 23-62 decimal places or
nl

significant figures.



IV. VECTOR ANALYSIS

4.000 A vector A has components along the three rectangular axes, x, y, 5:
Al Kok Zily
A = length of vector.

A=vVAZ+Ag+ A2

; : . A, A, 4.
Direction cosines of A, 7 7”, =
4.001 Addition of vectors.
A4+B=C.
C is a vector with components.
C,=4.+ B..
Cy,=A4,+ By
C 55 wil g S5

4.002 6 = angle between A and B.

C=+VA4%+ B*+ 2A4B cos 6.
A.B.+A,B,+ 4.8,

cos 6 = ¥

4.003 If a, b, ¢ are any three non-coplanar vectors of unit length, any vector,
R, may be expressed:
R = qa + bb + cc,

where a, b, ¢ are the lengths of the projections of R upon a, b, ¢ respectively.

4,004 Scalar product of two vectors:

SAB = (AB) = AB
are equivalent notations. 55 %
AB = A B cos AB.

4.005. Vector product of two vectors:
VAB = A X B = [AB] = C.
C is a vector whose length is 4
C = ABsin 4B.

The direction of C is perpendicular to both A and B such that a right-handed

rotation about C through the angle AB turns A into B.
Y ot
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4.006 i,j, k are three unit vectors perpendicular to each other. If their direc-
tions coincide with the axes «, y, z of a rectangular system of codrdinates:

A=A+ A4,j+ 4.k

4.007
fi==jj=f=kk=k=r1,
ij=iji=jk=kj=ki=ik=o.
4.008
Vij = — Vii = k,
Vik = — Vkj =i,
Vki = — Vik = j.
4.009 . |
AB = BA = ABcos AB=A,B,+ A,B, + A.B..
4.010
VAB=—VBA=1]i j k
A, A, A,
B. B, B,

= (Asz - Asz)i"l' (AzB:t— Az-B:)j + (Asz— Asz)k.

410 If A, B, C, are any three vectors:

AVBC = BVCA = CVAB
= Volume of parallelepipedon having A, B, C as edges

= A, 4, A,
B. B, B,

Ce) Cy 0
4.11

1. VA(B 4 C) = VAB + VAC.
V(A + B) (C + D) = VA(C + D) + VB(C 4 D).
VAVBC = BSAC — CSAB.
VAVBC + VBVCA 4 VCVAB = o.
VAB-VCD = AC-BD — BC-AD.
V(VAB-VCD) = CS(DVAB) — DS(CVAB)
= CS(AVBD) — DS(AVBC)
= BS(AVCD) — AS(BVCD)
= BS(CVDA) — AS(CVDB).

OO
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4.20
i dAB = Ad B+ BdA.
2 dVAB = VAdB + VdAB
= VAdB — VBdA.
4.21
n @ G )
I'l v=16x+]6y+k6z

o, , ad, o4,
ox ay Jz

2. VA =divA =

Q@ ¢ 99,
BNz = graqu—x +j ay+ s
4. VVA =curl A =10t A
= |1 j k
a0 @
drx dy 93
e e
(E)A, 94 y) f ,<6A o 04 z) e k<aA y, 04 x)‘
Noy "oz /) N3z ~ ox ax _ dy
62 a‘.’ 62
5. VV=V?= 6xl+ +a—zg
4.22
1. curl grad ¢ = curl Vop = VV V¢ = o.
. ol 02 a2 92
2. divgrad ¢ = VYV = v2¢—5§+_¢+az‘f

3. divcurl A =o.
4. curl curl A = curl? A = v div A — %A,
5 JA = ﬁ?A, L jVZA s kﬁ?A :

+A

i
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4.23
VAB = grad AB = (AV)B + (BV)A + V.A curl B + V.B curl A.
WV VAB = div VAB = B curl A — A curl B.
V'V VAB = (BV)A — (AV)B + A div B — B div A.
div pA = ¢ div A + AV .
curl pA = V-V A + ¢ curl A = V-grad ¢.A + ¢ curl A,
VA? = 2(AV)A + 2VA curl A.
C(AV)B = A(CV)B + AVC curl B.
BVA? = 2A(BV)A.

-

©N SR

424 R is a radius vector of length » and r a unit vector in the direction of R.

R = 11,
7'2=x2+y2+z2.
I. Vi=- I—; - —Zr
r ¥
23 Vit =o
4
3 Vr=;R=r=gradr
. B
4 VL=
5 VVR = curl R = o,
VR =divR = 3.
do
7 o Vo-
dA
8. RV)A =1’E"
dA
9. (tV)A = =
10. (AV)R = A,

4.30 dS = an element of area of a surface regarded as a vector whose direction
is that of the positive normal to the surface.
dV = an element of volume — a scalar.
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ds = an element of arc of a curve regarded as a vector whose direction is
that of the positive tangent to the curve.

431 Gauss’s Theorem:
S S S div AdV = [ fAdS.

432 Green’s Theorem:
L. SSSoVNAV + LS SOV = S S dTPdS
2. S SS @V — Y2V = S S (VY — YV P)dS.

4.33 Stokes’s Theorem:
S S curl AdS = fAds.

440 A polar vector is one whose components, referred to a rectangular system
of axes, all change in sign when the three axes are reversed.

4401 An axial vector is one whose components are unchanged when the axes
are reversed.

4402 The vector product of two polar or of two axial vectors is an axial vector.
4403 The vector product of a polar and an axial vector is a polar vector.

4404 The curl of a polar vector is an axial vector and the curl of an axial vector
is a polar vector. ‘

4,405 The scalar product of two polar or of two axial vectors is a true scalar,
i.e., it keeps its sign if the axes to which the vectors are referred are reversed.

4.406 The scalar product of an axial vector and a polar vector is a pseudo-scalar,
i.e., it changes in sign when the axes of reference are reversed.

4407 The product or quotient of a polar vector and a true scalar is a polar
vector; of an axial vector and a true scalar an axial vector; of a polar vector
and a pseudo-scalar an axial vector; of an axial vector and a pseudo-scalar a
polar vector.
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4.408 The gradient of a true scalar is a polar vector; the gradient of a pseudo-
scalar is an axial vector.

4.409 The divergence of a polar vector is a true scalar; of an axial vector a
pseudo-scalar.

4.6 Linear Vector Functions.

4.610 A vector Q is a linear vector function of a vector R if its components,
Q1, Q2, O3, along any three non-coplanar axes are linear functions of the com-
ponents Ry, Rs, R; of R along the same axes.

4.611 Linear Vector Operator. If & is the linear vector operator,
 Q=4R
This is equivalent to the three scalar equations,
Q1 = wnkR; + wi2Ry + wisRs,
Q2 = WuR + w2R; + Wk,
Q3 = waR + wzRs + wiRs.

4.612 1If a, b, c are the three non-coplanar unit axes,
wn = S.ala, wy =Sbda, wy=S.cda,
w2 = S.adb, ws = S.bdb, ws = S.cdb,
wiz = S.alc, Wy = S.bAC ws = S.che.

4.613 The conjugate linear vector operator &’ is obtained from & by replacing
War by Win; kb k=1, 2, 3.

4614 In the symmetrical, or self-conjugate linear vector operator, denoted
by w,
© = 3B + @).
Hence by 4.612
S.awb = S.bwa, etc.

4.616 The general linear vector function &R may always be resolved into the
sum of a self-conjugate linear vector function of R and the vector product of
R by a vector c:

QR

wR + V.cR,
where

w

]

3@ + @),
and
€ = 3(wse — wa)i + 2 (wis — wa)j + 3 (wa — Wik,

if i, j, k are three mutually perpendicular unit vectors.

4.616 The general linear vector operator & may be determined by three non-
coplanar vectors, A, B, C, where,
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A= awy + bw12 -+ Cl;s,
B = awy; + bwsa + Cwas,
C = aws + bws + cwss,

and

@ =aS.A+bS.B+cS.C.

4617 If & is the general linear vector operator and &’ its conjugate,
@R = R&’,
@'R = RO

4620 The symmetrical or self-conjugate linear vector operator has three
mutually perpendicular axes. If these be taken along i, j, k,

w = lSCOll + jS.O)zj + kS.w3k,
where wi, ws, w; are scalar quantities, the principal values of w.

4.621 Referred to any system of three mutually perpendicular unit vectors,
a, b, ¢, the self-conjugate operator, w, is determined by the three vectors (4.616):

A = wa = awy + bwiz + Cwis,
B = wb = awy; + bwas + Cwsg,
C = wc = aw;y + bwss + Cwss,
where
Whri = Wkhy

w = aS.A + bS.B 4 ¢S.C.
4622 If nis one of the principal values, w;, ws, ws, these are given by the roots
of the cubic,
3 — n2(S.Aa + S.Bb + S.Cc) + n(S.aVBC + S.bVCA + S.cVAB)
— S.AVBC = o.

4623 In transforming from one to another system of rectangular axes
the following are invariant: -
S.Aa + S.Bb + 5.Cc = w1 + w2 + ws.
SaVBC + SbVCA + ScVAB = wyw; + wsw; + wiws.
S.AVBC = wiwsw;.

I

4.624
W) + we + W3 = Wi + Was + W3z,

W3 + W3 + WiWe = Wiz + Wiz + WnWes — Wiy — Wiy + W,
W W3 = Wy Wealaz + 2WasWa Wi — WinWes — Wy — Wizw?s.

4.625 The principal axes of the self-conjugate operator, w, are those of the

quadric:
W + Weey? + wssz? + 2Wazys + 2Wz2x + 2wWexy = const.,

where x, y,  are rectangular axes in the direction of a, b, ¢ respectively.
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4.626 Referred to its principal axes the equation of the quadric is,

wix? + wey? + wsz? = const.

4.627 Applying the self-conjugate operator, w, successively,
wR =i Ry + jws Ry + kwsR3,
wwR = WR = w’R, + jwRs + kws*Ry,
ww’R = 'R = iwR) + jw Rs + kws* Ry,

(Re R

R
wR=i—=+j=
Wy Ws w3

4.628 Applying a number of self-conjugate operators, a, 3, . .

. ., all with the

same axes but with different principal values (aiazas), (6:8:03), . .

aR = ia R; + jagRg -+ ka3R3,
BaR = afR = ia;31 R + jasBsRs + kayB;R;.

4,629
S.QwR = SRw(,

= WO R + w2 Rs + wiQ3Rs.



V. CURVILINEAR COORDINATES

5.00 Given three surfaces.

u =f1(x7 s Z)’
o v =f2(x’ Y, Z);
w =f3(x) Yy, Z)
x = Pi(u, v, w),
2. { Y= ¢2(u v, 'LU),
= ¢3(u, v, w).
1 34’1 Z a¢'?
Bt~ FJ <6u> +<au>
I 3¢1 ¢ 3(}52 ¢
; m= )+ (3 +(3)
I AP \? AP2\? @3\
(o) + (5) + (35)
AP, 91 9P é)d)g dp; 93
y gl:T 37;—{——6_7)_2 +6v ow
i dp, dp, 3P O 03 3¢.;
2=_w-’(~ﬁ¢-+6—w- 314_—*_810 on’
¢ 91 | e Iy | I 9
& = au ov +6_u dv +_ﬁ 'R

5.01 The linear element of arc, ds, is given by:

du?  dv? dw

= da® + dy* +dz2———|—}ZZ +2g1dvdw+2g2dwdu+2g3dudv

5.02 The surface elements, areas of parallelograms on the three surfaces, are:

aSe = B8 /T g,

hohts
Sl diiac \/I — hhy? gz )
Thsh
du dv e
dSwi= 5 W V1 — h?hligs

99
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5.03 The volume of an elementary parallelepipedon is:

= du dv dw
(e hhats

3
{ 1 — In’higd — Whs’g® — hhnge? + I?ha*hsg 8083 }

5.04 w), ws, w; are the angles between the normals to the surface fa, f3; fi, fi;

fi, f» respectively:
COS Wy = hz]lag1,

COS Ws = /’lahng,
cos w3 = llags.

5.06 Orthogonal Curvilinear Codrdinates.
§1=8=8=0,
du?  dv*  dw?

B Y & o WY
= h? + his? i b
dv dw dw du du dv
dSu = m‘: dSv = 7;};-; dSw — h—1h—2—,
, Ju du dv d'w.
K Il

5.06 %’ h?, h? are given by 5.00 (3) and also by:
- (o) (3.
= () + )+ G
- () ()



CURVILINEAR COORDINATES I0I

5.07 A vector, A, will have three components in the directions of the normals
to the orthogonal surfaces «, v, w:

A2+ A2 + AJE

5.08 |
1. div A = ks a(ﬁ>+_‘? Av>+i(f1_w )
Jishs

du

- D e o [ Fa @
P 10 i1 R RO 1o @ N S (s AL
§ - N b { P (ma 6u> + 9 Vi ew) T % (klkg 8w> }

Cur]u A = h2h3 { 2
3. curl,, A = hshl {

curly, A = Ik,

5.09 The gradient of a scalar function, ¥, has three components in the directions
of the normals to the three orthogonal surfaces:

hl %‘g, ]’1/2(2,—‘!/‘, ]l3 g—:i
5.20 Spherical Polar Coérdinates.
u =7,
I. { v=10,
w = ¢.
{x:rsin@cosgb.

2. y = sin § sin ¢,

z =7 cos 0.

T I

3. k1=I, ]lz=;, hg=m‘

dS, = r*sin0d0do,
4. {dSa=rsin0drdqb,

. dSe = rdrd 0.
& dr=rsinfdrd0do.
gt i NIRRT 8 344

6. dlvA—rzsine{smﬂar(r A'>+1’60(Sm6A0>+rT¢T}'

i I 4 i) d af. i) RO
§ V“r—ﬁsino{smf’a—,(’z )+ a’za(““”&o‘)hﬂ@}'
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d4¢
| curl A= sm(?{é)@ (sm 0A¢> 5 }
8. J curlp A o - s1In 7 { 61:1# sin 6 a(;f¢) } :
icurhpA (r Ao)— a(;{b’ } 5

5.21 Cylindrical Coérdinates.

u=p,
e v =0,
w = 2.
x = pcos B,
2. {y=psin0,
8= %
3. h=1, h2=“:‘), hs =
dS, = p dl dz,
4. {d5'0=dzdp,
dS. = pdpdo.
5. dr = pd pd 0dz.
. 1[0 d4g 94 .
6 dIVA_f_'Jlb_P<pAP) 20 S0 }'
T1_ L i( i) Sl :92_ :
7 Vv p{ap p6p +p602+p622
104, dA4p
[curlpA——W— Tont
94, 94,
8 jcurlgA BZ_W
d A
[curléA=—{ p(pAe) 0}

5.22 Ellipsoidal Coétrdinates.
' u, v, w are the three roots of the equation:
22 A2 LR
2+ 0ty Earo ]
a>b>c, u>v>w.
0 = u: Ellipsoid.
0 = v:  Hyperboloid of one sheet.
0 = w: Hyperboloid of two sheets.
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g @t @+o (@ +w)
= (az m b'l) (az P 62) ’

P o (02 + u) (B* + ) (> + w)
! (R—ietiie? — b9  ’

2= (E+u) (*+7v) (P +w)
e (@) (B =6Y)

4(a®+u) (B*+u) (2 +u)

h? =

(u—v) (u—w) ’
12_4(a2+v) 0+ v) (2 +v)
sl (v —w) (v —u) ’
Bt = 4(a*+w) 2+ w) (F+w)

(2~ u) {w 1)

Vi@ +u) (0*+u) (E+u) &

. divA =2 BT <\/(u—z)(u—w)A>
V(a2 +v) (B2+12) (E+1v) 3 ——
+ 2= LD %(\/(w—v)(u—a):lv>
1 SEETTTTOED 4 (757154,
i - Vi@ +u) (2 +u) (¢¢+u) 0 5 :
= (n ~ ) (u — w) 292(\/(04—“) (b+u)(62+u)6u>
+4\/ = avl gzvi(i,)‘ﬂw) d (\/(a“rv) (0* +9) (& + ) —)
Via® + w) (b +w)(c2+w)6 5 y
S (a—w) (v—w) (\/(a2+w) " gl 6w>'
2 (a>+v) (B2 +12) (24 0) 0
curluA=v_w{\/ Tt %<Vw—v/1w>
(@+w) B2+ w) (A+w) 9 ALL T
_\/ u—w %(\/v—wA,,}-
( 2 @ +w) P+w) E+w) [ ——
curl,,A=u_w{\/ S £<\/u—wAu>
(a® +u) (B2 + ) (2 +u) o -
—\/ gE; a—u<\/w—u/1w)}
2 (@ +u) (B®+u) (E+u) 3
curlwA=u_v{\/ e (\/v )
: _\/(a—|-v)(f:—_{—;))(62+v)6(\/—/1)}
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65.23 Conical Coirdinates.

The three orthogonal surfaces are: the spheres,
0, 2?4 92+ 2% = ul
the two cones:

2 ¥ 2
2 2ie_pte_a=°
X2 ,v2 22
3. e e =
cg>v2>b2>w2.
. u‘ZvZWZ
¥ = g
s W =0 (w?-0?)
4. y= B0 — &) ’
Cu (- @ - ) .
= &~ b)
(2 — B?) (& — o) (82 — w?) (¢ — u?)
o 2 N0\ — V) 2 — :
5 =1, I = w(? — w?) s W (12 — w?)
2 _ 2 2 __ a2 6
6. divA = (1¢2Au) + \/(zu(vzb) (62) - ( g

LYE =) @ ) (f—wm o)

u(? — w?)

— 19 V@E-B (@ -0) 8 ( o 3\
7. v2=u_a_<u au>+ EE ) (\/(v b)(c—z2)av>

b2 — @t 2 __ qp a LNy NPT o ol 6
\/( ul(jj ) (;2) w?) (\/(bz w?) (2 — w?) %>

( . . ‘ ! 2
cutl A = { VE-T) @ = P 5 (\/2}2 —w A,,,)

a

o “ i .y 0
-V - @ w)(,m}(\/v2 w A,,)},
G
_ VB —w?) (= w?) d4. 1 a< )}

curl, A = T 10y ARk
curl, A = X _6_<MA ) L V@ ) (@ - ) 94,
\ v o u du g u_\/m o

5.30 Elliptic Cylinder Codrdinates.
The three orthogonal surfaces are:
1. The elliptic cylinders:
a7 ¥

%+62(u2—1)=1






b ; i o il i
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2. The hyperbolic cylinders:

o 0
& (1 —-9©) ik
3. The planes: ZR=—Neuk
2¢ is the distance between the foci of the confocal ellipses and hyperbolas:
/g 5. = G
5. y=cvVit—1 V1-— 2
I I
6. 712=E§=c2(u2—v2), k3 = 1.
A0 = PSSRl M R ol s LN S8 v 94,
9o leA—C(u2—-‘Z)2){au< u 1)2Au>+av( u: — v Av)}—l-ﬁ'
e e Y ik iz) £ 4
V= 2w — o) ot +on) o
( I 6142 6A1,
curl, A \/142 o —3_1)_ = —(9;1
8Au I aAz

5.31 Parabolic Cylinder Coodrdinates.
The three orthogonal surfaces are the two parabolic cylinders:

1. y2 = goux + 4ctu’.
25 32 = —40vx + 4c%”
And the planes: .
% & =0
4. =c(v — u).
G = 2cV 0.

I ©u+v I U+ v
6. E'Q = 7 y h_.? = 7 5 hs =1

v uy a \/u+v d %+ v 04,

7 de=u+v{-(;4< Au)'*‘&)(\/ Av)} 3

(o]
<
|
§
]
———
(o1}
RS
*
|
S
=5
|
o
|2
|
<
—_—
QD
S
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curlA—\/v %——v %
“T“Vut+ov 0 uto 9z

u 04, u 04,

u+v 03 U+ v ou’

2 (2 0)- 4]
L u+v | ou u+v v u+v

9. qcurl, A =

540 Helical Coérdinates. (Nicholson, Phil. Mag. 19, 77, 1910.)

A cylinder of any cross-section is wound on a circular cylinder in the form of
a helix of angle @. a = radius of circular cylinder on which the central line of
the normal cross-sections of the helical cylinder lies. The z-axis is along the
axis of the cylinder of radius a.

u = p and v = ¢ are the polar codrdinates in the plane of any normal section
of the helical cylinder. ¢ is measured from a line perpendicular to z and to the
tangent to the cylinder.

w = 0 = the twist in a plane perpendicular to z of the radius in that plane
measured from a line parallel to the x-axis:

x = (a4 pcos @) cos 6 + p sin c sin G sin ¢,

i, y = (a+ p cos ¢) sin @ — p sin a cos @ sin ¢,
{ 2 =a0tan @+ p cos « sin &.

h1 = 1, h2 = 17
2. P
hi? = : .
* 7 a?sec? a + 2ap cos ¢ + p*(cos? ¢ + sin? a sing)
65.60 Surfaces of Revolution. .

z-axis = axis of revolution.
p, 0 = polar codrdinates in any plane perpendicular to z-axis.

8 ds? = dz* + dp? + p2d6?
du* dv*  dw?
“Et Rt
In any meridian plane, z, p, determine #, v, from:
25 f(z+1p) = u + 7.
3. w=0.

Then #, v, § will form a system of orthogonal curvilinear codrdinates.
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5.51 Spheroidal Coérdinates (Prolate Spheroids):
1. z 4+ 1p = c cosh (u + ).

2 = ¢ cosh u cos v,
p = ¢ sinh % sin v.

The three orthogonal surfaces are the ellipsoids and hyperboloids of revolution,

and the planes, 0:
2 P

2 5
¢t cosh?u ~ ¢? sinh?u

.—.I’

22 02
Gcos®  Esin’y

With cos # = N\, cos v =
{z=c)\/.t,

. p=cvV(N=1) (1- .
A2 — 1 — u? I
= .-.2 I —— -] 2 =
5 i A(N— W) ) =5 (= D) s AN - 1) (1 - )

5.52 Spheroidal Coérdinates (Oblate Spheroids):
1. p + i3 = ¢ cosh(u + 4v).

2 = ¢ sinh % sin 2.

% p = ¢ cosh u cos v.
3. coshzu =N, cosv=p.
4. A SR Bt R Y :

EN—p) T N EN-1) (1-1

65.63 Parabolic Codrdinates:

% z+ip = c(u + )%
: z = c(u? — %),

; p = 2cuv.
3. =N, =

With curvilinear codrdinates, N, u, 6:
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I A 1 yi2 I
i = S TR SR —_— = —
4 - 01/)\+,u L NV A+uw 7T 2ev M

554 Toroidal Cotrdinates:

. z2+a+1
I. : u+ip = log 22T P,
Z—a-+1p
a sinh %
P cosh # — cos v
asin v
2. =GRV U
cosh # — cos v
cosh # — cos v cosh % — cos v
3. h1=h2=———) ]ls=‘%.—"
a a sinh %

The three orthogonal surfaces are:
(a) Anchor rings, whose axial circles have radii,
a coth u,
and whose cross-sections are circles of radii,
a csch u;
(b) Spheres, whose centers are on the axis of revolution at distances,
+ a cot v,

from the origin, whose radii are,
a csc v,

and which accordingly have a common circle,
p=a,z=o0;

(c) Planes through the axis,
w = 0 = const.



VI. INFINITE SERIES

6.00 An infinite series:

ZUn=M+ U+ Us+. ...

n=1I
is absolutely convergent if the series formed of the moduli of its terms:
|u1|+lu2|+]uzl+ 5 o o
iIs convergent.

A series which is convergent, but whose moduli do not form a convergent
series, is conditionally convergent.

TESTS FOR CONVERGENCE

6.011 Comparison test. The series Zu, is absolutely convergent if | u, | is
less than C | v, | where C is a number independent of #, and v, is the nth term
of another series which is known ‘to be absolutely convergent.

6.012 Cauchy’s test. If

R

Limit
l Un l
Hn— ©

the series Zu, is absolutely convergent.

L1y

6.013 D’Alembert’s test. If for all values of # greater than some fixed value, 7,
un+l

the ratio

is less than p, where p is a positive number less than unity

n

and independent of #, the series Zu,, is absolutely convergent.

6.014 Cauchy’s integral test. Let f(x) be a steadily decreasing positive function
such that,
f(n) 2 an.

Then the positive term series Za, is convergent if,
Jr@as,
m

6.016 Raabe’s test. The positive term series Za, is convergent if,

is convergent.

n( e I)?l where I>1.
an-l-l

a
n( L. 1)&1-
an+1

109

It is divergent if,
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6.020 Alternating series. A series of real terms, alternately positive and nega-
tive, is convergent if @,41<a, and

limit
@y =
H— @©

In such a series the sum of the first s terms differs from the sum of the series by
a quantity less than the numerical value of the (s + 1)s¢ term.

6.0256 If ;in:o i | 1, the series Zu, will be absolutely convergent if

n

there is a positive number ¢, independent of #, such that,

limit { }
n =T =

n— @

un+l

n

6.030 The sum of an absolutely convergent series is not affected by changing
the order in which the terms occur. :

6.031 Two absolutely convergent series,

S=u1+u2+u3+ .....

T = "htvetovs+.....
may be multiplied together, and the sum of the products of their terms, written
in any order, is ST,

ST = vy + oty + va + . . . . .

6.032 An absolutely convergent power series may be differentiated or inte-
grated term by term and the resulting series will be absolutely convergent and
equal to the differential or integral of the sum of the given series.

6.040 Uniform Convergence. An infinite series of functions of x,
S() = wm(®) + wa(x) +us(@) +. . . . . .

is uniformly convergent within a certain region of the variable « if a finite number,
N, can be found such that for all values of # > N the absolute value of the remain-
der, | R, | after # terms is less than an assigned arbitrary small quantity e at
all points within the given range.

@ x2
27

is absolutely convergent for all real values of x. Tts sum is 1 + &2 if « is not zero.
If x is zero the sum is zero. The series is non-uniformly convergent in the neigh-
borhood of x = o.

Example. The series,
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6.041 A uniformly convergent series is not necessarily absolutely convergent,
nor is an absolutely convergent series necessarily uniformly convergent.

6.042 A sufficient, though not necessary, test for uniform convergence is as
follows:
If for all values of ¥ within a certain region the moduli of the terms of the

series,
S=wmx) +u(x)+.....

are less than the corresponding terms of a convergent series of positive terms,
T=M+M+M;+. ...

where M, is independent of x, then the series S is uniformly convergent in the
given region.

6.043 A power series is uniformly convergent at all points within its circle of
convergence.

6.044 A uniformly convergent series,
S = ul(x) + Mz(x) + e e

may be integrated term by term, and,

S Sdx = ij‘un(x) dx.

6.045 A uniformly convergent series,
S =wmx) +ulx)+....

may be differentiated term by term, and if the resulting series is uniformly

convergent,
d Z‘” d
3;3 = . Ecu,.(x).

6.100 Taylor’s theorem.
B n "
[+ 1) =@ + 5@+ 57@ 4 A + R,

6.101 Lagrange’s form for the remainder:

hn+1
= f(nt+1) e Pt P,
R.=f (x + Oh) e b o< <.

6.102 Cauchy’s form for the remainder:

Sis (1—0)"

hn 1
R, = D) (x + Oh) — o<1,
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6.103

144 k
1@ =10 + 7o) 2t gy E2 L gy EZB g
—h
— {4 0 (v — B)) %T o<f<r.
6.104 Maclaurin’s theorem:
@) =@ +F @5+ @ St 4 D+ R
R =f‘"+’)(0x) % (1 - O)r; o<O<1.
6.106 Lagrange’s theorem. Given:
y =2+ xp(y).
The expansion of f(y) in powers of x is: ¢
1&) = f(2) + xd(2)f'(3) + { ¢ (=)} (2)]
o +f1, o L@} @] +.
SYMBOLIC REPRESENTATION OF INFINITE SERIES
6.1560 The infinite series:
f(x)=1+a1x+iazx2+ia3x3+ k'akx FLPREE

may be written:
f(x) = e,
where ¢* is interpreted as equivalent to g.
6.161 The infinite series, written without factorials,
@) =1+ax+ax®+....... Faxb ... ..

may be written:

J) =

where @* is interpreted as equivalent to ay.

’
I —ax

6.152 Symbolic form of Taylor’s theorem:
3
S+ k) = '3 f().

6.163 Taylor’s theorem for functions of many variables:

i) i)
J@o+ byl . .. ) = TRenT v fla, x, .

=[x, %2, . . .)+h1i3£ +h2if h

W & & b ¥
+2' Ox,? + hhaxax-*_; @4_

TP 14 o
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TRANSFORMATION OF INFINITE SERIES

Series which converge slowly may often be transformed to more rapidly
converging series by the following methods.

6.20 Euler’s transformation formula:

S=ao+a1x+a2x”-+

k
il I X
= ag + E 0 Ak Qo,
10— 45 X I—-X
k=1
where: Aag = a1 — ay,

A%qy = Aay — Aag = a; — 2a; + ay,

Aday = A%q; — A%y = a3 — 302 + 301 — Qo

----------

E
Akg, = 2 (—I)m<z)ak+n_m.

The second series may converge more rapidly than the first.

Example I. =
S = gy L
z( I)2k+1
= =il O e b)
2k + 1
Ioo k!
5=;§I.35 Gk + 1)
Example 2. 2
= RPN SR I
S—kZ( 1) P log 2,
.
AL ¥ e

6.21 Markoff’s transformation formula. (Differenzenrechnung, p. 180.)

2 et = ()" o = D) et 3

) Land
k=0 )
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6.22 Kummer’s transformation.

Ao, A1, 4s, . . . . is a sequence of positive numbers such that
ami1
>\m=Am_'Am+1 = )
am
and
Limit
my
m—>

approaches a definite positive value. Usually this limit can be taken as unity.
If not, it is only necessary to divide A, by this limit:

Limit
= Am Am.
m—> o
Then:
Eam = (A0, — @) + 2(1 — An) Ce
m=n m=n
Example 1.
i
S= 2w
m=1
A m , Limit L8
m+ 1 m—>®
o =0

S I+§°°:_;.
m: -t (1 + 1)m?

Applying the transformation to the series on the right:

m m
o e

2 m + 2’

1 1 1
Zﬁ=l+;+22m2(m+ 1) (m+2).

Applying the transformation # times:

1 I
S ] ’
E m? n'2m2(m—|—1) m+2)....m+mn
m=1

m=n+1

o =o,

Example 2.

S=i(—1)’"‘ am — 1’

2m
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Applying the transformation again, with:

I2m+ 1 4m* + 1
Am:"—’ )\m= 2 ’ )
2 2m — 1 4m? — 1

' < 1
S=1- ZZ(-—I)""I B

Applying the transformation again, with:

I2m+1 m?
i A, N e S

2 2m — 3 am? — g

= ﬂ' 4 —_1)m—1 I .
S 3+24Z( P T =5)

Example 3.

S = Z(—r)w —

s am—1 e am? — am + 1
T2(em—3) " (2m—3) e2m+ 1)’

=o,

5 m—1
6 42(_1) (2m — 1) (2m + 3) (eam + 1?2

6.23 Leclert’s modification of Kummer’s transformation. With the same
notation as in 6.22 and,

Limit 4
m— o ar
[ee] (oo}
Ay @ 2 1 I
(=1 - — — -4 Ami1.
2 n 0+ k]_ w+ (Xm.pl k”) m+1 Om41
n=o0 m=1
Example 1.
@
I
5= Do
(et
n=1I
4m
g =10y Am =1, S0 =12, ‘&i=i0; )\m=2m+1,

_:3_ —1ym—1
_4+42( 1) m(2m+1)(m+1)
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Applying the transformation to the series on the right, with:

A1y (2m 4+ 1)*
m—1’ """ (m—1) (m+ 2)’

iy = @y A= Ww=4, a=o,

e BNV N r .
s 24 3 22( 1 m(m + 2) (2m + 1)? (2m + 3)?
m=1

6.26 Reversion of series. The power series:
2=0— b — b —bsxt —. ... ..

may be reversed, yielding:

x=z2+c 4+t fczt ... ...
where:
1 = bl,
e = by + 207,

3 = bz + 50102 + 56,%,
c4 = by + 6b1b3 + 3b9% + 215202 + 1444,
€5 = b5 + 7(bids + bobs) + 28(bs2bs + b1bs?) + 84513by + 42b°,
s = bs + 4(2b:1bs + 2b2bs + bs?) + 12(3b:2bs + Gbibobs + bs?)
+ 60(20:%b3 + 30:2b5%) + 330b1%bs + 132b,5,
1= b1+ 9(bibe + babs + bsbs) + 45(b:1%b5 + bids? + ba?bs + 2b1bsbs) '
+ 165(0:%0s + b1bs® + 30:%b2bs) + 495 (b1%bs + 2b,%b5%)
+ 1287b:°b; + 429b,.7

Van Orstrand (Phil. Mag. 19, 366, 1910) gives the coefficients of the reversed
series up to c.

6.30 Binomial series.

n(n — 1)

(1+x)"=1+%x+ py x2+n(n—1)(n_2)

3!

n! . - n n n\ o n)k
+——(n-—k)!k!x +. .. .—1+(I>x+(2>x2+(3>x 4., '<k e SR

Gkl S
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6.31 Convergence of the binomial series.

The series converges absolutely for | x| <1 and diverges for | x| >1.
When x = 1, the series converges for n>—1 and diverges for n< —1. It isabso-
lutely convergent only for n>o.

When & = —1 it is absolutely convergent for #>0, and divergent for n<o.

6.32 Special cases of the binomial series.

ERE S W L
(a + b) ——a(1+a> —b<1+b>

If ‘3 <1 putx=£in 6.30; if f—il>1 putx=%in 6.30.
6.33
=i n n(im—mn) ,  n(m—n) (2m—n)
N e T ey 3lm?
Enum —n) (2m—n). .. .. k—1)m —
....... +(—I) ( )( ) i [( )7 ”]xk
+.. ..
2. (4 o) '=x—s+a®-at+at—.. ...
3. (042 2=1- 23+ 3%" — 44° + 5% -
V1 = I i s LGS
4. +x=1+- x 24 +2-4-6 2-4-6-8x + .
I 1 T3 g 20300 1:3°5°7 .4
=1 ——-x+—a% - X%+ xt —
5 1/I+x 2 % 4 2.4.6 2.4.6.8
e e i 2L weRo G &
6. (1+x) o 36 P 6-93“ ik
= el _1'47 3 1-4:7°10 T
7. (14 %) I x+ 5% +3‘69.12x
2 < 3 22 311 IR a FUK 4__3 o805 g
8. (1 +1x) 14+ x+ 246x +z4-6-8x 3 T +.
3 35 P ST %
—_F = &
9. (1+ %) I — x+ 2-4'695 .....
e L S o R SRR
10. (1 + x) 1+4x 32x +o 2048x +...
it (1+x)—*=1—£x+ix2——§x3+ 195 4
128 2048
12. (I-L’Y)%-I-{— x__ 2+_. _._2.1_x4_|_
5 25 125 625
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=i X EHT ol L LS ¥ A
13. (14 %) I Sx'+25x 125x +625x

P = I __5_ A D) 3_&35_ 4
B G ) I+6x 72x+1296x 31104x+

e et | iy 008 Nglt M2 SR
15. (1+x)?t=1 6x+72x 129695 31I04x

6.350
x 5 22 4xt 8a? y
I'I—x_1+x+1+x2+1+x4+1+x3+"" (<l
& @ & i i ,
2 T2 i—eticeti—st Sa:
I 2 4 A
3 x—I_:75—}—1_l_x2+1-l_at:4-|-1+ """ [#>z]
6.351
[ P <§> &—_%)@)2
1. II+\/I+xI =2 I+n4+ o X
. . 3
n may be any real number.
n 2 2(1n2 __ 52 2(12 _ 52 b 2
2. <x+\/1+x2> =1+%x2+n(n4' 2)x4+n(n 26)'(71 )x“—l—...
n n(n® — 12) n(n? — 12) (n? — 32
+5*+ A @t + T S [Exzris
6.352 1If e is a positive integer:
T I I ) _(e-1)! g = = A2t
a+a(a+1)x+a(a+1)(a+2)x+ """ e {e Zn!}

6.353 If ¢ and & are positive integers, and ¢<b:
a afa+1) alea+ 1) (a+ 2)

TS B Y R g g
BT
b—a at+k—1
+£_ak=21 (_I)k<b ; a—; 1) ; x:k} :

(Schwatt, Phil. Mag. 31, 75, 1916)
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POLYNOMIAL SERIES

bo+b1x+b2x2+b3x3+...__1 ) o
6.360 = T R T S ao(Co +eax+oaxt+...),
Co — bq = 0,
¢+ i — b = o,
a0
OO C0
g ag
Gy € @
63+_2__1+_1.a_2 _O%_bsz__o_
ay gy Qo
= (=) | (@abo — aohy) ao ® o0o0o00ao0 o
" ag” (azbo — aobo) (15} Qo e e e e o
(aabo e 110773) as @l o000 o o)
(dn_lbo = (lobn_l) An—2 Ap—3 « o « o o o ao
(anbo — aoby) n1 T el -0 @ \
6.361
(@ot+ax+ax®+....)"=co+ax+ex®+....
Co = (lo",
agCy = NaCo,
20903 = (0 — 1)awcy + 2naxcq,
3a0cs = (n — 2)a1cs + (21 — 1)ascr + 3nasco.
s cf. 6.37.
6.362
y=ax+ a® +agx® +. ...
by + b2y +bsyd+ ... =X+’ o+ .
= albl,
cy = azby + ai%be,
¢s = azhy + 20103y + a,%b3,
Ca = Asby + a2y + 2a1a3Ds + 3a.2a2bs + a1*ba.
o o B
|
6.363 .
eaxx+azx’+a3x°+.... = +Clx+62x2+ oy

a = a,

C2

Toion
d2+;al,
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I

6

6 = a3 + @102 + - ad,

o S 2, X 4
€4 = Q4+ 003 + — @’ + — @0 + — at.
2! 2 24

6.364
log(1+ax+a®+ax®+...)=cx+ e +cxd+. . .
a; = q,
202 = a16; + 20z,
3as = a1 + 2416 + 3¢3,
444 = asC1 + 20202 + 303C3 + 4a4.
€ = a1,
I
G2 = Q2 — — 14y,
2
1 2
03 = a3 — — 00z — — Coy,
3 3
I 2 3
Cqy = Ay — — C1A3 — — Ca@2 — = C3d1.
4 4 4
6.365

ax + ax? + aed + ...

23 = bix + bax® + bsx3 + . . .
Yz = x4 o6 + et . ..

G = aiby,

c3 = aib2 + azhy,

¢ = arbs + asby + azhs.

e = aibp_1 + @abr_s + asbrs +. . . ap—y by.

6.37. The Multinomial Theorem.

The general term in the expansion of

(1) -~ (a0 + aix + apx? + agxd 4. . . o PR
where 7 is positive or negative, integral or fractional, is,
(2) B i)« 0 Boe) QPa a3, . | gortertlet
61!62163! o o o
where ' -
pt+tat+etat+.....=n.
1, G, C3y. . . . are positive integers.

If » is a positive integer, and hence p also, the general term in the expansion
may be written,
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n!
plale! . ..
The coefficient of x* (£ an integer) in the expansion of (1) is found by taking
the sum of all the terms (2) or (3) for the different combinations of P, 1,0,
¢, . . . . which satisfy
a+20+36G6+..... =k,
pt+tat+caet+at....=mn

AP ®as?as’ . . . . gort2ert3est |

(3)

cf. 6.361.

In the following series the coefficients B, are Bernoulli’s numbers (6.902)
and the coefficients E,, Euler’s numbers (6.903).

6.400
x" bd y2nHl
L0 sinx = x — +5’ 7‘ . 2(_) (2”+I)! [x2<m:|,
x2 x4 xﬁ . x2n ,
2. COSX=1— 2'+4—!_6!+""_2(—I) o)’ [2< =]
3. tanx = x + - x3+ By, 2l +—6—-2—x9+....
15 315 2835
= 2n( A2n __ 2
=22(2—I)B,,x2"—1 x2<—7£ .
- (2n)! 4
4. COtx =~ ——— ] S P (1% RSN
3 45 945 4725 :
_.1 22nB 2n—1 2 2
_x_Z(m),x [ <7?]
1k 1 4,5 4,012+, = En s [2 f]
5. secx =1 + x+4'x+6‘ . (m)!x x<4
6. cscx=—+—x+ 7 x3+—§1—,x5+.
x 3" " 35! Sl
u 2(22"+1 = I) 2n+1 2 2
—a_c+2 (2 + 2)! B [w? <m?].
6.41
R I 13 1:3:5
I. sin"'x =x + — a3 X ifl AL aq [x%r]-
+2.3 +2.4.5 +2.4.6.7

it o 2 (2n)! p2nHL
2 227 (n!)? (2n + 1)
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2, tanlx = x — é R ; & +. ... (Gregory’s Series) [xzé 1]

5
- x2n+l
=-:—r—cot'1x=2(—1)" .
#=0

2T
a3 20 a2 Aol ff a2 P
1+x2{1+g _I+§5+_-5(1+x2> o o }

T N 2(nl)? < 2 )n

S tanglivi—

= 2
I+ o e (214 1)! \1 + o7, g
T I I I I

L TR I SR S

SN +3x3 5x5+

S WP B S 0 N T LS Y
5. sec x 23 4% 2:4°5 x> 2-4-6-7 &7
S e =I_2_L —2n—1 g
P 2 wd 27" (1)’ (2n+1)x e
6.42
. 2 2t 2:4 4 6 a8
I. (sintx)? =a24+= = 4 = .z
3 2 353 574+
2% (n)? x2nte 2
n < )
n+t) st [x\x]
2. (sin™! x)3=x3+‘5—;32(1 >x5+ 135< +;—2+§)x7+.... I:ngl]-
o Lot o ? ka—1
. (tan™lx)? = !2 e S 2—_}— .
3 ( %) pk e 2ko+p—2H<k 2ka +p—a—2
o=1 e=1 g== 1 :
(Schwatt, Phil. Mag. 31, p. 490, 1916).
3 T
4 VIi—Bsindr=x—2 2 A A N A

3c>° $°8 SESRY,
= x4 2 (-1)" 2 (n — DI]? gt [x2<1]'

(2n — 1)! (21 + 1)

p _2. 24‘5_‘{_2467
VI — a? 3 375 $°5°7

227 ()2

e )0/ 2n+l 2 .
(2n % 1)' [x <I]

4P oo
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6.43 ;
: = o 2! — 6
1. logsinx =log x { 2 +180 +2835x +... '
2 22n—1
=logx—2m3nx2" [x2<7r2]
2 logcosac=——x2——1—ac4 STl
12 45 2520
227:.—1 /22n ) I) Bn o 7(2
- —2 n(2n)! 3 [x2<4]-
- L 2y L X5 127 8
3. log tan « Iogx—i—sx 9 +2835 +189°Ox +...
(22n—1 1)2211 on l: ” _7L2
=log x + £ %) B #L 4
ay[eh. 1 T
4. log cos x = —;{51n2x+;sm4x+gsm5x+. e }
g, £ E In2n 2 zr_?}
= 22 -, ST . [x < i
6.44

1 1 I
1. log(14+2)=20—-a24+-a3—=-xt+...
g ( ) r p g

<

— s n+1£ [_ < ].
2( 1) ’ 1<x<1
n=1

{log (1 +x)}? see 7.369.

— I-1 8 O 1°1:3'5
2. log (x D) =y — ——xd | % — A
g (% + V1 + 2?) 5 Th T

e o ik [ 0
—x+2(—1) 2271yl (n— 1)! (21 + 1) i

5 | X2 S RE - o |
244x+24661¢6

N T s L [ < ]
P Ry 2 SE 2 l(n — 1)} 2n <y

% log(l—{—\/x—i—aﬁ)=log2-+—z—I



124 MATHEMATICAL FORMULZ AND ELLIPTIC FUNCTIONS

-
-

g I_+ ‘131
2:3 %% 2:45%

. 1 o (an—p! a7t 2>
_logx+;+2(—1) 2l (n — 1)! (20 + 1) [3\,/1

5. logx=(x—1)—§(x—1)2+£(x—1)3—

B AL L [o<<al

4. log (1 +v1+ 4 =logx+

I
X

n=o
2{x+—x3+—x5+ }
_ i 2n-+1 x2 ]
222n+1x [ .
1 11 11
9 logx —2{;C+3;,+g§+ }
R
n 22 (21 + 1)x2nH1 [x2> I:I
10. Vi+atlog x4+ Vi+a) =x+- x3——;.—§x5+;'::;'x7—..
,,(”“I)|22n 'n! 2n+1 [2 :l
_x—z(—) Gn+ol -
Iy log (¢ + V1 ++%) x—zx3+2—'ix5———2'4.6x7+...
V1t o 3 s 357

2(_) (z::{,?)' 2n-+1 I:x2<1],
12. {log(x-}—\/_x?)} =—2__2.£4+2'4£6_.
=i(—1)"—1 2272(p — 1)! (1 — 1)! g [x2<1:|

(2n — 1)! n
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s1x2—§s2x3+is3x4— = B [x2<1]-
(See 1.876).

3
14. %{Iog (1+x)} =§-§slx3—£<;sl+§s?>x4

1/1 I I
+—<—sl+—52+—ss>x5—... [x2<1]-
5\2 3 4

2
IS. log—(l—_l_—x)=x—n(n+1)<é+ : >-:—‘

(1 + x)» 741
I I 1 \ad )
+n(n+1)(n+2)<1—l+n+1+n+2>3!—.... ’[x<1]
6.445 (See 6.705.)
- 2
e x)logl R I SN A [x2<1]'
4 22 205 X 1:2:3 234 345
1 (T4%. 14+V% %
2, — — lo -+ 2 1o 1—x—2}=
{\/x gI VX g ( ) 1-2:3  3°4°5
, -
+5'27+ |:0<x<1~
g Iy . -1 o GG T X
3 2x{1 log (1 + %) tan x} o
S o [o<x<1_
5:6-7 _
6.455
TR TA G4
s —10g(1+x)-log(1—x)=x2+<1—5+g>—0-
T e\
=Y -——+—>—+ ..... [x2<1]
+<I 27373753
6

5 L tan—lx-log T gl =& (I -
2 |

wl*i,
/-\ S—
-
+
|
+
[
+
| -
N—
|RU‘
+
RN
AN
-
(e

6.456
—_— 2 2( L2 2
v COS{klog(x+\/I+x2)} =x—%x2+k__(k44"2)x4

2( 22 2) (}2 2
Rk +26)'(k ) S M 2?<1.
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k may be any real number.

— 2( b2 2
s s blog G+ VTR | =0 EEET)
252 9 9 9
LR +15)‘(k cx S i
6.457
I _ i 2
I—Zxcosa+x2_1+2A"x : [x <1],
where,
Azn = -—I)ﬂZ(_I)k( >(2 cos a))?,
— n+ k41 s
Aopyy = (= 1)2(-)( L1 )(2cosa) .
6.460
z o2 — "
LetsrAat it = 2 [x2<w].
2
2- <><>
” = el 5 15

2 4 6 7
il #_gxt 8% | 3ab 56w
4o @ I+%+ —?_5,+E+7+:..

cO8 T x2 4x4 SIxG
5o | —e<1—2—!+?——ﬁ+....)‘
- a? 3% oxt  37x
6. ¢ —1+x+2—!+?+—4—!+?!—+,
2 3 4
7 e‘“‘""’=1+x+ﬁ,+?i 2T
2! ! 4!
8. etan‘z_I_*_x_l_ﬁ__x_s_l_]_xf_
APl

6.470

x5 x2n+l
1. hx = P N o 2 s
sinh % x+ +5’+ + (2n+1)' [x <oo:|
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h 4 S 3/2"
. Cos x—1+ -|- +6'+ (21;)'
. tanhx=x—£x3+£x5—1—7-x7+.
3 I5 315
227 (22 — 1)
— S N S R 2n—1
2( 1) (2m)! Bnx

n=1I

s xcothx=r+£.«2——1x4+-2—x6—. .
S 45 945

o 2 (=0 (21;)7; &y

_— -2 =
.sechx=1 5 ’V + 7 — %8 P o I+ ( (2%)‘

B o (8 T Bl - LA g
G csehia="1 6x+360x 15120x

2n—1 "
—1+Z:(-—1)"2(2 ) B.xn

(2n)!
6.475
2 4 6
2 2 2
.coshxcosx:r——x4+— S e
4 8! 12!
2, 4 6
2 2 2
2. sinhasing = —a2— =8+ —0—. . ...
2! 6! = 10!
6.476
5 = 2
3 x"cos n
e*<9 cos (x sin 6) = 2,7——
n=o 2
[ee] = 0
9 x x"sin n
e@esfsin (x sin 6) = Z'—n—'—
n=i ;

£ 2n
. cosh (x cos 6)-cos (xsin ) = Ex—‘(cz%f’—ﬁ

n=o

©
a2+ cos (2n + 1)0

. sinh (x cos 6)-cos (x sin ) =2 Griam

n=0

[ee]
a2 sin (21 + 1)0

. cosh (x cos 6)-sin (xsin 0) = 2 (zn + 1)!

n=0

. sinh s cos 6)-sin (x sin ) = ) 22

n=1I
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6.480

I.

sinh™l % = & — —— o8 4 —S_ 45 —
. 2-3 2'4'5
=2(—1) S € L
227 (n!)? (2n + I)
n=0
inh Lo E S O
sinh™ x = log 2x + 2x2 2-44x4+"'
n__ """/ (27”)‘ ~—2n
1 2x+2(— ) 22"(71')2211
1y = _EE Xy 8
cosh™!x = log 2% Ao A
. (2m)!
= leg a0 = 2 227 (1!)22m v
n=0o
2n+1
tanh'% = x +~ a8+~ 5 F— a7 4. . .=2 e
3 5 7 n=°2n+1
sinh?= =11 L -l—ﬁi—....
¥ x 23x% " 2.4 580
(2m)!
= =1 4 — . ol R e I )
csch™ 2( 22"(111)2 (2n+1)aC
Cosh—lleogf_fx_z_l'gx_‘;_
25 x 22 2'44
= 1 4 = E_Z(Z—n)"_ 2n
sech™ ]ogx 22"(n1)22nx
n=o
2 . 4
sinh-12=log2 4 1% 137

227 (n!)?2n

!
=Neschplint= ]og + 2 (D) i x2n

h " x—2n—1
=coth™ x = 2
¢ 2n -1

7n=0

MATHEMATICAL FORMULA AND ELLIPTIC FUNCTIONS

]
]

et

2> 1]-
x2<1:l-

[51]
[e<:]
[ecs]
[o-1]

1
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6.490

o«

i f = E:e“"(”““)-
2 sinh x

Nn=o0

(o]
I
= oy ne-x(zn-i-x).
2 cosh x 2 (=1)
n=o

_I. - o L n p—2nz
3 3 (tanh x — 1) 2 (=1)n 2=,
n=1

1 x 1
. — —log tanh - = 2 =i (Bapdk
4 2 log 2 2n + 1

6.491 3
_+2 — (n2)? _ [ +2 *(

By means of this formula a slowly converging series may be transformed
into a rapidly converging series.

6.495
1 I I
s +.
I. tan x = 2% (]_r>2 A (E)Z e ¥ (5_71')2 2
2 2 2
= 8x
— (2n — 1)*w? — g4
i\ cotx——l- 255 2% 2x _1_2 2%
4 T x w2 a? (271-)2 — 2 (3."-)2__“.2 SR it — a2
n=1
3. secx = z 37 ox

— + ==
EE < ) -
2 2 2

= m ot 4alen— D7
_E L) l(z»n — 17 — a2

n=1

2 2% ! 2x
w2 —a?2  (em)?—2a% (3m)?-— a?

©
I 2X
= - S
x o 2( 1) a2 — x?

n=1x

« e @

1
. cscx ==+
i o

By replacing « by iz the corresponding series for the hyperbolic functions
may be written.
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INFINITE PRODUCTS

(

44°
4. coshx = H (I +m>

6.51
sin x
I T = I:I COS ;‘;'
6.52
I — 2n
Lo = I:I (1 + a?7)
6.63

[x*<1].

2 oo
S S [

B AT s - o
2. coszx COSJ’—Z’(I yz)smgl;];(l (2nm + y)

6.65 The convergent infinite series:

I+m+tut... .=1,+2u,..

i (Mﬁ_ y)ﬂ)'
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may be transformed into the infinite product

(x42) (1 +2) (T+ws). ...
= H (1 4 va),
n=1I
where
Un
Vn

Sy T O T

6.600 The Gamma Function:
(oo} I &
1 (I G ?z)
re=- [[-—=*
n=1 T 4 ;—z-

z may have any real or complex value, except o, —1, =2, =3,. . « . »

6.601
rip=s T+t
6.602
_ Limit s QE 0
N 1+2+3+. st —logm
@ et et
= [ {1—::‘\_ A } dt = 0.5772T57 .«
6.603
Tz + 1) =2T(3),
T
Bl s sin 7z

6.604 For 5 real and positive = «:

FM=j%ﬂH*@

logI'(I+x)=<x+£)logx—x+£logz7r+f{ L _£+£}e—=z‘ﬁ,
2 2 S t 2 t

e —1

6.606 If z = n, a positive integer:
I'(n) = (n - 1)},

F(n+.12.>= e o ;n. (2n — 1) 3
@) = v
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6.606 The Beta Function. If x and y are real and positive:
h vy T'x) T'y)
B(x7 y) o B(y, x) - mr
1
B(x,y) = f =1 (1 —g)v14s,

Bw+uw=JLB@w,

B, 1 -2 =

sin 7rx

6.610 For x real and positive:

Vo= = DR

1 )
+ 1

6.611
Y +1) =+ (),

o Y(1 —x) = Y(x) + 7 cot .
V(3 = —v - 2log 2,
¢(I) = =Yy
‘I/(2) = It = 97,

%(3) =1+ ':" =7
I I
Y(a) =1 +;+3— Y-
g . o VT
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6.620 4
B = 2
I X
z{ -v(9)}-
6.621
Bx+ 1) + Bx) ==
B@) + 81— %) = g
6.622
B(1) =log 2,

)-5

6.630 Gauss’s II Function:
k

1. II (,2) = szz—tn.

2. IL (k,z+ 1) =11 (k,2)- %
St
3, H()_lelt 0 %, 3)
4. II (3 =T'(z + 1).
g, Il (=2) IT (z — 1) = ™ csc 2.
N
6.631 If z is an integer, n,
II (n) = n!

DEFINITE INTEGRA.LS EXPRESSED AS INFINITE SERIES

et =t S ﬂ_ 2k+1
6.700 j;e dx & k!(2k+1)x :

e e 2kx2k+l
ks 21-3-5. ... (2k+1)

k=0
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Darling (Quarterly Journal, 49, p. 36, 1920) has obtained an approximation
to this integral:
T -z
—2—\/_ - \/L; tan—? { eV (1 + a%e~VT)? }

Fresnel’s Integrals:

y - S ST (b |
6.701 j; cos (x%)dx = (2k)! WD e

2 . 22k g4k 41
_cos(x)z( I) 5....(4k+1)

ki= o

2k+lx4k+3
+ sin («2 —1)% 2 .
“Zf )1-3-5--..(4k+3)

. S (=)
@ _ k
6.702 f sin (:9)dy = Rers ey A4S

ok
= sin (42 —1)k 2 pRLEE]
()2( ) 5...0k+1)

~ cos (®2) 2 (_I)k 22k+1x4k+3

. (4k +3)°
) 1
6.703 f s =Z(—I)a+nb

T lta—l(I _t)k—l
6.704 = I)Ij: o =7 dt

xn
—nzb(a+nb) (e+nb+1)(@a+nb+2)...(a+nb+k—1)
[b>o, a?<1].

(Special cases, 6.445 and 6.922).

o]

6.705 f o= NS xnt ;
e E( I)n'(n+y) g;y(y+1)---(y+n)

6.706 If the sum of the series,

Jx) = 2 gt [o< x <1]
is known, then =
>
”=°(a+nb)(a+nb+r)(a+nb+2) ..... (a+nb+k—1) [6>0]

at

= m"[:td—lh B t)k_‘f(xtb)dt,
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6.707 L[:fo?x)i ;Iz sin nx-dx = zj;ﬂzw - t)i f(¢ + 2nm)-dt.

‘n=1
Example 1. H) = a7 [E>o].
I = T kT S e—kﬂ'
= Bt ka Bym Tam ek

Replacing % by —]:-, and subtracting,

27

i 1
8 E + 2k2 (=% B+t & — ek’
n=1

Example 2. With f(x) = ¢~ cos ux and ¢~ sin px.

A rl 2 A " A = mwsinh 2A7T
S Ny - N4 (n—w?: N+ (n+ p)? cosh 2\ — CoS 2uT
M _2{ nw— M + n+ M )= TSI 2UT
N | N4 (m—u? N+ (m+ p)? j cosh 2AT — COS 2uT

n=1I

6.709 If the sum of the series,

1= 3 0

n=o0
is known, then

) f Tt () de
' ()

G+ay+ay(y+1)tay@y+1) @+2)+. ...

6.710 The complete elliptic integral of the first klnd

f\/(I—xz) (1 — 2% f\/I_k-sm?e
ST Qe e
i i(s S e (on = DY) (<]

- Vi- B
Tt ViR

7’—(‘—+—k—){ 1+<£)2k’2+(2%‘2>2k’4+. L }
_EEED 2(1-3-5 FHCEL) A
2:4°6....21n

If o=




I 36 MATHEMATICAL FORMULZ AND ELLIPTIC FUNCTIONS

6.711 The complete elliptic integral of the second kind:

fVI—k251n20d6
=aiile) - () s
2 2 1 24 3
_I ) 2 HOZoS 6 o o (Qn_ I) 2 p2n '
_2{1 2( 2:4°6....2n )2”—1

I k'=1;u.
I+vVI-#

i ’T(;;f—) { T+ 5<5>2k'2 + 9<¥’>2k'4 = }
W(I (1 = k) { - Z( - I)< (2.n2; 1)) }
’<+—k>{ ()k’”(z 4)k’4+( FrILEUIRR
vy { o+ #] +2<2 46 E:Z;gﬁz]} '

FOURIER’S SERIES

6.800 If f(x) is uniformly convergent in the interval:
—c<z< 4 ¢

f(x)=2bo+b1COSZE§+b2COS'2?+b3COS£:—x+. P

0 TiRE wr 20X 0 T
+a151n—c—+aqsm —G—+aasm3’7+.

, +¢
bm = I; f(x) cos AL dx,
-C

T fohe . MWK
m = = f(x) sin —= dx.
G g c

6.801 If f(x) is uniformly convergent in the interval:
o<x<c

f(x)=%bo-&-b1cos¥+b2cos4_’:’_"+bacos6_7cr_q_c+.

S AP o G . bmx
+a;sln-c—+agsm47-+assm—c—+..
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6.802 Special Developments in Fourier’s Series.

f(x) = a from x = kc to x = (k + E)c,

f(x) = —a from xz = (k + é)c to x = (B + 1)c,

where % is any integer, including o.

o]

_ﬂE 1 A 2(2n—1)7rx
/@) T m—1 c

4 4
=—m(x—c-), Cgag ¥
2 4 4
- me-o, Lgxg ¥
4 4
=—m(x-—£>, zst i
2 4 4
_ 2me 1)"—1 I i 2(2n — DT )
(2n—1)2 G
c @
6.804 1) = ma, St
G c
—m(x—c), +5< <3‘;,
_om "1 2RTE
6.805 @ - -e, — 5 < < - 30,
= z(x+2)), —3b Lx <-4
= a, W b<x<+b,
= — - (x — 2b), b<x < 3b,
=-aq 3b<x < sh

.....

137



6.806

6.807

6.810

6.811

6.812

6.813

6.814

6.815

6.816

6.817

6.818

MATHEMATICAL FORMULAZ AND ELLIPTIC FUNCTIONS

f(®) =%x+b, —I<x<o,
b
=—7x+b, o< x <l
8b m 1 Y
J(x) = sz(zn+ s (2n + Lire
f(x) = %x, oLx<d,
L sz“zilb’ b<agl,
2al? 1 . uwh . umx
J@) = (1l — b) 2 SIN _l—’sm ]
. n=1

el 1
=)
x=22,( ) sin nx
n
n=1I

o]
23 I (—1)»1
COsSax = —sinam{ ——+a 5 7 COS Y
m 2a 7 — a

n=1

(oo}
. 2 (=1)» 1
sin ax = = sin am 5 n sin nx
T —d

n
n=1

[e]

Uy = 4y

T2 Tl " x8 2 sin nx

sin #x
2 2 n
n=1

fee]

i I COS 71X
- log =
2 2(1 — cos x) n

ee]
X2 COS nx
— 4+ = = ===
2 4 n

n®
n=1
oo}

T w? wad xt COS nx
SR A
n

(oo}
n T 2 sin #x
48 240 n®

(mma—

~7r<x<7r]-

[o<x<27rj-

o<x<a2m]|:
[o<e<ar]

l:o<x<27r .

[o<x<27r]-
[o<x<27r]-

[o<x<27r]'




6.820

6.821

6.822

6.823

6.824

6.826

6.830

6.831

6.832

6.833

6.834
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G (—1)"—l nwx
x‘=g—w22> oo [—csxsc].
n=1
e P igoe e nTX
€ —e° 2 62( ) (nar)? + @
n=1
Z_ Sl e LS U :
+7 ), (-1) (n7r)2+c25m ; [ c<x<c:|
n=1
e = 2 (¢ — 1) E (—1)"! —— cos nx o<x< |
T 252 ¢ + n?
n=1I
iy " a ; \ Cos2 (n+1)x
cos 2x — (— — x)sin 2x + sin? x log (4sin? x) = Z B
(2 ) * g (4sin® =) n(n + 1)
n=1

sin 2x — (71' — 2x)sin? x — sin % cos x log (4sin? x)

Q sin 2(n 4+ 1)x
= = 2 & < .
2 n(n + 1) [O Dty ﬂ{l

n=1I
(e o]
1 7rSin COS 2nx <. <
- X = O X | |
2 4 (2%—1) (21 + 1) St
. N - —
7 sSIn X | g
= r™ sln nx r2< |-
I—2rcosx-+r . 5
) —
tan'1 L 2: L yn sin mx = ]
J 7 Il
“rcosx n | il
«© _— —
P n2r smx y2n=l s' okl ) 5
- tan— Z: in(zn — 1)x r’<i |-
2 2n — <
e L i
= — —
I—7 COS X
—_— = 7" COS NX 72<%r
I —2rcosx—+r | ]
oo = =WrE COSIN ze<sasls
°\/1-—2rcosx+rﬁ_ n B ]

n=1I
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6.835 itan“‘m 2(_1),,1

n=1

2n—
| cos (2n — 1)2 [r2< 1]-

NUMERICAL SERIES

6.900
U T Sy I
Sn=;+;,+§+4+ 2_:;,:
7T'6
S = Ny = TS = 1.01734300620,
L e s i
Sz = o = 1.644934066 e A e 1.0083492774
3 6 6
= ———— = 1.2020569032 = = 1.0040 2,
25.79436 . .. 57003 9450 G
5 Bl 8 S . o 83928,
T o 1.0823232 = = 1.002008392
s 3232337 s ey, 39
™ S0 = 1.000994575T,
Ss = 205.1215 1.0369277551 S = 1.0004941886.
6.901 =
e S ¢ I 1
Un =T ——F——— . .... = —)k
3" st Z 0 o
T
U = —
4

Uy = 0.0150656. . .
#s = 0.98304455 .
#s = 0.998683522 ,

A table of u, from 7 = 1 to # = 38 to 18 decimal places is glven by Glaisher,
Messenger of Mathematics, 42, p. 49, 1913.

6.902 Bernoulli’s Numbers.

4 %B"=#+ﬁ+%+£—n+. ot .=Z%-
T B gt S
3 (227‘-(12”)?)72" n_;%—%'*‘#—ﬁ'*' =ki(_1)n—%.
&=% &=é
By ==, B =—,
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i _ 3617
Bs i 66’ BS = ;6—’
_ 691 43867
T 2730 e 798
Bl p gl 0
6 330

6.903 Euler’'s Numbers

iz 1 I I
W Ep=1- 3in ar g2n i 72t + - ]E( e 1 . I)2n+1
E1 = I, E4 = 1385,
E; = s, Es = 50521,
E; = 61, Es = 2702765.
6.904
g 2n(27;'— 1) STty an(e2n — 1) (21:'-— 2) (2 3) s
Hios =¥ Rl + (-1)*=o0
2n (27 _ 1) L e =
2% (2 R Bl (21 — 1) (21 ' 2) (2n g)
2n 3-
o (2n — 1) (21 — 2) (zns—! 3) (2n — 4) (2n — 3) ot e B s
6.910
nf
5 = 3
Sit=res SsE=NE2¢y
b =24, SsE=R2030)
Si.& ‘58, S7 = 877e,
Sni= g . Ss = 4140e€.
6.911
I
i 2 @ =
g _32-3m
S1 < S3 = R
2 _ 4 =
Sz=7r 8 S4_7r + 3om? — 384

16 - 768
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6.912

1. log 2 = 2 n.Izn-

n=1I

(=]

ThEMEY 5 I
2= = (log 2)? = 2 o
6.913

fee]

I
o 210g2—1=2n<4T—1—)'

co

3 = —_m
2 (og 3 — 1) 2 n(on® — 1)

©

—3 43 - SR
3. 3+210g3+210g2 2%(367;2—1)
n=1

& 2
N T°8°8 6 0 0 0.0 (21 — 1) I
6.914 Sr = 2= ( 2:46..... 2n >2n A r

#y = 0.9150656 . . . . (see 6.901)

So=2log2—-j—ru2, S_1=1——27;,
4 1 11
Sl=;u2_1, S_2=510g2+2—;;(2u’2+1);
2 1 I 10
52—7_‘_—21 S—3=5—‘9_7r
S3=L(2u2+1)—£, S4=91 +—_—(18u’2+13)
2T 3 = 32 128 !
sz Sio2tte S
or 4 5 225m
Ss=i(18u2+13)—£, Sa= 51g g4 (50u2 + 43).
32m 5 128 1536 « 1287r
178 g

% 225 6

S7 =

12871' (s0mz + 43) = ?

- When 7 is a negative even integer the value # = g is to be excluded in the

summation,
6.915
2 An=1-3-5. c(em—x)  (2n~1)!

-6. coezn 2yl — )l

gt
4 4%2—1
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&

(o]
™ i
e o Z:A"___.
2 2n +1
n=1

i - > 4an + 1
5 2—2A (en—1) (2n+2)

Zhpin LR ntlg 3 gt .
6'71' 2 2_ ey (2n — 1) (21 + 2)

E_. — n 3
= 2 1)"4,2(4n + 1).

i i C 4n + I
& 20 g Z_ (2n — 1) (21 + 2)
6.916

If m is an integer, and # = m is excluded from the summation:

[oo]
"~ 24
1. - = —
4m? m? — u?
n=I

3 _NV(=D"

i 5 = s - (m even)
Am m? — #
n=i
6.917
[ee]
n—1
I. I = E:
n!
n=2
: [o0]
Enk
i 4n? — 1
n=it
@

2
S e
il =

z 143 < 2:4:6. . ... on I
. 1 = — = —1)" —_—
pod \/3log V2 I+§( 2 3:5%7- « » «(ean+1) 2"
E Zm 21h-1-0T
6.919 ;(I b log 2) > {12100‘(;:-—1') I } 4

6.920
I e=1+%!+z—l+;—!+. JJu = 2.71828.

143
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= RN =03 0753

3. E(e+£>=1+1—,+1——|-. « . .= 1.54308.

4. *(6—£>='I+L+—+. . . .= 1.I7520I.

2 all = gl
T &
5 COSI:I_z—!+Z!_"" = 0.54030.
6. sin1 =1 §T+§T = 0.84147.
6.921
4 _ CRT )
iy 5—1—22 it
9 _,_ L, _I
2. IO_I 324-34 36+. .
16 I I 1
3-I_7=I—ZQ+Z4 E+..
25 _ 111
FwT TRt T
1 1
6.922 (2—;,&11—121(—4—)-=e‘7'+e”9”+e—25”+...;I‘(%)=3.6256. o
6.923 (Special cases of 6.705):
1 TS T =logz— =
"T2:37 345 567 S
I 1 i 1
1 -~ — =-(1—log 2
> T23 345 567 5 SO
A I I —_é_
¥ s3atiseteqs ™ o log 2
I I a6
: - - ==(mr -
g e (- 3)
I I I /T
_I_ + . =’—<—1—10 )
S 1237556 7891 AN 3 et
I I m™ 15
= 2'3'4+6'7'8+IO'II'I2+ =§—;10g2.

I it 1 1 T I
7. 1234+4567+78910+. o =6(I+K/§)—Zlog3'



VII. SPECIAL APPLICATIONS OF
ANALYSIS.

7.10 Indeterminate Forms.

7.101 g. If f (2) assumes the indeterminate value - for x = a, the true value

F(x)

of the quotient may be found by replacing f(x) and F(x) by their developments
in series, if valid for x = a.

Example:
sin? x
I — COS & z=0
o 2 e 2
e 1 _(x—5+...>_(1—3—!+..>
I—cosx ' ar b T i
Sl lbadn il
Al Tl 2! 4!
Therefore,

sin? x
o = 2.
I — COS X |z=0

7.102 L’Hospital’s Rule. If f(a¢ + %) and F(a + &) can be developed by Taylor’s

Theorem (6.100) then the true value of % for x = a is,

['(a)

F'(a)
provided that this has a definite value (o, finite, or infinite). If the ratio of the
first derivatives is still indeterminate, the true value may be found by taking
that of the ratio of the first one of the higher derivatives that is definite.

7.103 The true value of 1) for x = a is the limit, for % = o, of

F(x)
gl PG
" F)
where f () () and F @ (a) are the first of the higher derivatives of f(x) and F(x)
that do not vanish for x = a. The true value of 1{8 for x =aisoif p>gq, = if

(»)
fF—(p)(% if P=q

145

p<gq, and equal to
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sinh ¥ — x coshx _ [ —«sinhy
sin® —xcosx |sz=0 | xsinx |.=o.

sinh «x cosh x .
3 sin o {z=0 cos & |z=o ’

7.104 Failure of L'Hospital’s Rule. In certain cases this rule fails to determine
the true value of an expression for the reason that all the higher derivatives
vanish at the limit. In such cases the true value may often be found by factoring
the given expression, or resolving into partial fractions (1.61).

Example:

Example:
(2] -vava, - Va
\/x — g Jz=a z=a

7.105 Inapplying L’Hospital’s Rule, if any of the successive quotients contains
a factor which can be evaluated at once its determinate value may be substituted.

(1 — x)e* — 1 —xe”
tan? x =0 2 tan x sec® x |z=0

* =1
tan x x=0— :

Hence the given function is,

er I
28eC’%x | z=0 2

7.106 If the given function can be separated into factors each of which is
indeterminate, the factors may be evaluated separately.

[(e’— 1) tanzx] B [(tan x>2 e? — 1] o
x3 z=0 X X z=0 i

Example:

Example:

7.110 % If, for « = q, ];,(22) takes the form g, this quotient may be

written:
1

F(x)
i
f(=x)

which takes the form g for # = ¢ and the preceding sections will apply to it.

7.111 L’Hospital’s Rule (7.102) may be applied directly to indeterminate forms

g, if the expansion by Taylor’s Theorem is valid.
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il b

7.112 If f(x) and x approach « together, and if f(x + 1) — f(x) approaches a

definite limit, then,
Limit [@} _ Limit

X— X . X—

Example:

[fe+0-r@)]

7120 ox .. If for x = q, f(x) X F(x) takes the form o X «, this product
may be written,

=
I
WIL s
F(x)
which takes the form g (7.101).
R R e e 10 )
©x—a x— ©

F(x)

Limit F(x). .. ! Tl
If s @ is different from unity the true value of f(x) — F(x) forx = ais .
fciin ;: ’?(%)2 = 4 1, the expression has the indeterminate form « X o which

may be treated by 7.120.

7140 10,0 0 If {F(x)}“?is indeterminate in any of these forms forx = g,
its true value may be found by finding the true value of the logarithm of the

given expression.
[ < I >tan x
X x— 0.
I

tan x
(;) =1y; logy= —tan x-log %,

Example:
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I
log « x sin s
tan x-log x = 1% o = 5 =|—==:smw =o.
e oEl Leocl Py cSclol =m0 x AU
Hence,
[(I)tan x:l
= = 1.
X z=0
flx + 1) ’
7.141 If f(x) and x approach « together, and 7@ approaches a definite
limit, then, ( |
Limit 31 Limit f(x 41
o (] - L [et D),

7.160 Differential Coefficients of the form g. In determining the differential

coefficient % from an equation f(x, ¥} = o, by means of the formula,
of
dy ox
dx - 5—_f (I)
ay

it may happen that for a pair of values, x = @, y = b, satisfying f(x,y) = o,

2] takes the form 2
dx o

Writing % =9/, and applying 7.102 to the quotient (1), a quadratic equation

is obtained for determining ', giving, in general, two different determinate values.
If 4/ is still indeterminate, apply 7.102 again, giving a cubic equation for deter-
mining ¥'. This process may be continued until determinate values result.

Example:
f(x,9) = (#® + ) — Pxy = o,
o _wlE ) -y
4y 4+ %) —
For x = 0, y = 0, ' takes the value g-
Applying 7.102,
P 1202 + i S
4y’ (#* + 39%) + 8xy — ¢

Solving this quadratic equation in 9/, the two determinate values, ' = 0,9’ = o,
result for x = 0,y = o.
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7.17 Special Indeterminate Forms and Limiting Values. In the following the
notation [ f(x)]. means the limit approached by f(x) as x approaches ¢ as a limit.

T.171

-

I0.

II.

I12.

i

14.

16.

78

[(1 EiE ;—)x ]m = ¢° (c a constant).
[(Vz+c—-Vxl, =o.

[Va@ +¢) — #]e =

S SY

VE+a) @+ ) - 2le = 3+ o).

[log (c1 + ¢z €?) e
L X o [

s ae)on (o]
1551
L\ X ©

:aogxx)m]m Wi

-
et (=50
s gt
e o (x a positive integer).
#| =

log x] x>
L x o

(a+ bc’ﬂf‘] = (c>1).

x
o + Ba?

[ <a + bx’"> °‘+‘3’”g"]m= eB (m>o).

T 1 1 T

Y

&

=[0G

<>

(Y

H

~—
Ria

- log (¢ + be’)] =

I

\//I(x+cl) (x4 ch. . . .(x+c,,)-—x] =1—Il(cl+_cg+. =0
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w

N
S
-
|
(w)
=]
w

K|
ST
== 1)
8
I
@]

ke
) /1

7.174
1. [#%] = 1.

e I
2. xa+blogx =6b'
L [1}

I
3. 5 log (ez—r)] =
L 0

5. [log cos % - cot 4], = o.

. [log tan (—ﬂ—- + f) - cot x] = 1.
4 2 0

()8

N 1
4. | a™ log 50:,0= o (m>1).

cot—
7

8. [sxn§ log (a + be )] =G,

9.

I0

I

-

wut

~3

£2

2

I0.

II.

(=
(

ey

CI
5 1+atan—>] = %,
X, e

¢ SIMIGNE
: [(cps— + a sin —) ] = e,
X X ©

. [sin™'x - cot x], = 1.

gl

(el +3) ] e

S

L

[

2

I.

[xm log 4]y = o

[e’—e—“‘—zx] o
(e*—1)* 1o 3

¢!
e Jp = @.

er — g—*=

log (1 + = x>]o Sane

log tan 2x]
21t L
log.tan « |,

(m>o0).
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7.1756
T [x‘_:‘] =2 5. [cos—l— tan H] =Nco
1 € 2C
2. [(m ="2x)tan 5Jr = 2. 6. [(a+ betan=)™22], = &,
_ ).t T2 - 2. T B
ST PO (B
AT 7_725 =£c tan221r=l.
4. [(e e”)tan ™ :L g 8. [(tan x) ]Z =
7.18 Limiting Values of Sums.
Limit /1% 4+ 2+ 3*+. . . .+ n* I
T, n—)m( = >=k+11fk>_1
wif k< — 1.
3 Limit(i + 1 I, 4 i >
‘" n—oo\na ma+b  ma+20' """ na+ (n—1)b
1 b) ~ 1
_log (“+b) LA T

Limit( n — 12 + n — 22 n— 32
$ poo\t2z-(nt+1) " 23 (0 +2) a4 mta

S 152
+ 8= >= 1 — log 2.

ne(n+ 1) (n+n)

—a \/— 2 \/_ 2 \/‘ 2
. lelt[<a+b—1-> +<a2+b——2> +<a3+b—é> (gl
n— o n n n
Vi a? b
(a +b—>]= I—a2+;’
if aisa positive proper fraction.
Limit \/ \/ 3 / N \/ i 1B
S-n_m[ ++a++a .+y\/a =069
if >0 and ¢ is a posmve proper fractlon
6. L‘m‘t[\/ +— +\/a2+—+\/a3+—+ +\/a"+—|
n—> n 7
+ 2V,

i \/_
if 5>0 and a is a positive proper fraction.
Limit[

n—> ©

1+£+£+ +£—10 n]— = 0.57721
e = L g RO S 7

(6.602).
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7.19 Limiting Values of Products.

Limit( _c( c ( c) (1+ c )]_2c
To L I—i—n I+n+1 1+n+2.... g e =25

if ¢>o.

Limit 3 \/. c c c
2 n—>oo[(1+ﬁ><l+na+b><1+na+2b>' o '<I+na+(n—1)b>]

a,

if a, b, ¢ are all positive.

?

Limit[{m(m+ D(m+2). . ... (m+n — 1)}i]_
n—® m+i(n— 1) B
if m>o.

Limit| 2¢ 4¢ 6¢ 2nc\| |
4. N [<I+;L—2><I+~n—2><1+;l—2‘> ..... <I+W>]—e.

o N

7.20 Maxima and Minima.

7.201 Functions of One Variable. y = f(x) is a maximum or minimum for the

values of » satisfying the equation, f'(x) = Qfa(xi) =o,

provided that f’(x) is continuous for these values of x.

7202 If, for x = a, f'(a) = o,

y = f(a) is a maximum if f”(a)<o
y = f(a) is a minimum if f”(g)>o.

Example:
X
Y Frarp o
x4
@) = B

(22 + ax + B)Y
f'(x) = o when x = :i:\/B;
ey 2%° = 6Bx — 208

2 (x)__‘(x“’+ax+6)3

For x = +V/B, f"(x) = :/—BQ m Maximum,
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S = B " =ﬁ __I._._.. I\ 1mi
For x = =V B3, () VB ovi-oF Minimum,
I
Vmax = my
I
VYmin = ;—_—:/—_6-'

7203 If for x = a, f'(a) = o and f"(a) = o, in order to determine whether
y = f(a) is a maximum or minimum it is necessary to form the higher differential
coefficients, until one of even order is found which does not vanish for x = a.
y = f(a) is a maximum or minimum according as the first of the differential
coefficients, f"(a), fV(a), fi(a),. . . .. of even order which does not vanish
is negative or positive.

7.210 Functions of Two Variables. F(x, y) is a maximum or minimum for the
pair of values of x and y that satisfy the equations,
oF IF
'é—x' =0, 5} =0,

and for which

( a*F )2 d*F QQE<°
dx dy @a? AzAT T

F o A ! . 1 r
If both 7 and 5;2 are negative for this pair of values of x and y, F(x,y) is

a maximum. If they are both positive F(x, y) is a minimum.

7.220 Functions of # Variables. For the maximum or minimum of a function
of » variables, F(x1, 22. . . . . . , Xn), it 1s necessary that the first derivatives,

OF oF oF
'5;1, 502;, ..... 5 T
atives which do not all vanish be an even number. If this number be 2 the
necessary condition for a minimum is that all of the determinants,

all vanish; and that the lowest order of the higher deriv-

Dy = fllle ...... f}lc,k=1, 2,0 44 o1,
il oy oS for
fkl fk2 ...... flck
where
?F
fii - Kl
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shall be positive. For a maximum the determinants must be alternately negative

2

and positive, beginning with D, = a—}—: negative.

6901

7.230 Maxima and Minima with Conditions. If F(xy, 2z,. .. ..., %, is to
be made a maximum or minimum subject to the conditions,

Gr(xr, a2y . . L G = @
Doy, 22, . . . . . ;%) =0
1. 008 o4
quk (X, X2y 0 v 0 v ™ Jor) = @)
where k<, the necessary conditions are,
k
dF Ao, .
2. — N =0 i=1,2,....
axi+ ‘ 7 axi b 3 n’
Jj=1

where the N’s are £ undetermined multipliers. The # equations (2) together with
the & equations of condition (1) furnish k + # equations to determine the % + #
quantities, &, &2, . . . . . s Xmy AL, Agy o o e , Ak

Example:

To find the axes of the ellipsoid, referred to its center as origin,

anx? + any? + a5’ + 20120y + 20%y7 + 2a1303 = 1.

Denoting the radius vector to the surface by 7, and its direction-cosines by

I, m, n, so that x = Ir, y = mr, 2 = nr, it is necessary to find the maxima and

minima of
I

T anl? + amm® + agn® + 2awpim + 2a00m + 2alnn’

r2

subject to the condition
o, myn) =02+ m+n?—1=o.
This is the same as finding the minima and maxima of
F(,m, n) = ayl® + aem? + agn? + 2a19dm + 2005mn + 2a:in.

Equation (2) gives:

(@ + NI + awm + apn
awl + (an + N)m + axn = o,
asl + amm + (azg + N)n
Multiplying these 3 equations by Z, m, n respectively and adding,

O,

s
>\=—'E' !

r
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Then by (1. 1.363) the 3 values of r are given by the 3 roots of

I
an — ;‘2 a ag = 0.
i
a2 = ;5 Qg3
1C
a3 as3 asy — ,72
7.30 Derivatives.
7.31 First Derivatives.
TE° B de®
el 4 oo = (1 + log x).
da® " dlog, x 1 log.e
Sy s S Tdx " xloga =
de? x dlogx 1
S 8 g T
dxloga: x
= 3 5=
T —dx 20 log x.
(log %) e
B == 5 5 (log %) ** {1 + log x-log log x}.
i)
e NE dcscx B
g <:z) log i ~—g— o —EC PR
dsinx e 16 dsin—lx__dcos’lx_ 1
0, — — =C0S% s e Ir —\/1—x2.
d cos x Sk . dtan—‘x__dcot—lx_ 3y
S e 7 dv B T el
o d tan x AT 8 dsect 5. _desclw 1
" T dw P
d cot x 5 d sinh x
s et 5 19. a5 cosh «.
dsecx O dcoshx .
L ek sec? x-sin x. 20. e sinh x.
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dtanhx sech? d tanh—'x - L8 ORI N T
21. de - sech’a. 27. = = o =
d coth x 5 dsech™ x I
22, ok csch? x. 28. ) = - x\/?xz'
a’sechac:__s % T , dcsch“x__ 1 .
28 e ech x- tanh x. 9. 7 = B ree
24. %g = — csch x-coth «. 30. d—i‘i—x = sech «.
) dsinh™x 1 . dgd'x _ i
5 dx  E+1 3 Ty~ '
6 dcosh™x i )
26. Ir e
7.32
d(yyays. . . - yn) _ <r_ dyr 1 dy 1 dyn>
o dn =Y. . .Yn » dx Ty dx 3PS o .+yn o
d(g) 41‘ i d_i_) (_ifz _ pu d_u.
2 Vix udx_ Y T i
dx 22
da* _ . du dfw) _ dft) du
3 &I T ix log a. > dx  du dx

7.33 Derivative of a Definite Integral.
P (a)

d ¢ (a)
L - ¢(tzj;(x, a)dx = f(¢(a), G)%g‘) —f(w(a),a)é—ﬁ—(—gﬂ +~/¢.(a). ‘%f(x, a)dx.

2" %[f(x)dx=f(a). 3. »(%/b‘}(x)dx = — f(b).

7.35 Higher Derivatives.
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7.3561 Leibnitz’s Theorem. If # and v are functions of x,

dr(uv) ud"v n du d" v i n(n — 1) d*u d~?v
doev  dxn T 1ldx dar 21 da? dxn?

nn —1) (n — 2) dPud3 d™u
+ o TGt BT
7.362 Symbolically,
dr(uv) o
dx" = (u + v) b
where
w =, Bk
d"e®™n » B
7.363 S (a + @) u.
7.364 T ¢(i) e
) ;) is @ polynomial in -,

d)(%)e‘”u = ¢%¢ (a + (%)u

7.355 Euler’s Theorem. If « is a homogeneous function of the nth degree of 7
variables, #;, %2, . . . %,

<x—?—+xi+ +xi>mu—n"'u
laxl 26%‘2 11 =i rax, it ’

where m may, be any integer, including o.

7.36 Derivatives of Functions of Functions.

7361 If f(x) = F(y), and 3= ¢(x),

117 Uﬂ.
- I 2 1) = F’(y) W& F”(y) + PEO) o S EFOG),
where )
_ﬁk k_ o Mzﬂ =2 _
2. Uy = L Ve + M YIS ek
7.362

n—1n
ik (_I)"dan( ) = x—z;lF(") <x>+302"_‘1 —IT'F(" n(@)
(n—1) (n—2) n(n 1) (ﬂ_2)< )
* 2! y x i

x?n—2

(n SIS n(n )(g)n—z

X

+m-1)(n—-2) (n-— 3)&__}%”—_2(9)”34_. e }
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7.363

1P = () () + 20D (gt pon o

dx™

. n(n — 1) (nQT 2) (n —

3) (20) =4 Fn=2) (52)

n(n - I) (n i 2) (n — 3) (ﬂ =y 4) (ﬂ 5)(236)"—6 F(n_3)(x2) ST

3!
ar e . nin—1) nn—1)n-2)(n-—3)
A P (2ax)"e {I + 1 aa) + )
H(H—I)(ﬂ—2)("-3)(”—4)("—5) }
31 4a)? ¥y
3. i— - (1 + axQ)“
_Hp-Du=2 .... (k-—n+ I)(zax)"{ . n(n—1) (1 +a2?)
(1 + axz)"'“ 1-(u—n-t+1) g2
nn—1)(n—2)(n—3) [1+ ax?\?
+mW—n+nW—n+a<4m2)+’”'}
4. ddxmm 11 (1 — ®)mt = (— )= 1'3°5 .- m (et sin (m cos™ x).
7.364

FW(\/x) _n(n—1) F™Y (V%)
(2v/x)" 1! (24/x)7H
(n + )un — 1)(n — 2) FO (/%)

i dix— F(V3) =

2! (2\/x)n+2
dar o1 I°3°5 . ... (2n—1) L<2__I_>—"
T (1 +aVr)int = " VAt

7.365
LR = e o0) 4 D aepr(en) + B T +.
where
% Ek=k"—£,(k—1)"+-k—(k—_'1—)(k—2)"—
1! 2!
iz I . Sin (2 tan~le=%) ,, Sin (3 tan~le~?)
Spls e T et ——— 2 J S
dx® 1+ ¢ V(1 + &) V(I + 93
_ Bt sin (4 tan—le=?) :
\/(I a 821)4
SR cos (2 tan~le~¥) cos (3 tan—le~%)
o ——— == et L | Pt L
b G Tt - V(I + @9 V(I + &%)

cos (4 tan—le—?)

L Eeaz o dlie SMIN 0N
G '\/(I +e2z)4
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7366
n »n ”
S F(log = Q—CI— { CoF™(log %) — CiF "V (log x) + CoF »(log ) — . . .. } .
Co—I,
(2 n(n — 1)
G=1+2+3+..... + (n—1) et
Co=1-24+13+14+...... +1-(n— 1)
+2:3+244+...... +2:(n— 1)
+344+.... .. +3:(n—1)
03 i N R S, BRI
+(n_2)(n_I)=n(1z—1)(n—2)(3n—1)'
24
n+1 n
2k Ck—Ck+an_1
—n  —(n—1)
3. Cv= C +%Ck_1
n k —n —1
Co=1 Ci=o, Co=1 GCi=1,
2 3 # =2 —3 —4
C1=I C1=3 C1=6, C1=3 C1= C1=IO,
3 4 —2 -3 —4
Ch=% Cy= ung Co=7 Co=25 Cy= 05,
4 —2 -3 -4
(Cey = (0 Cs =15 C3=90 C3=350.
7.367 Table of C:.
=
sy = 3 =2ttt 2l 3 A4+ 5]+ 60 KT 8 4 £G
Ch= 1 i TU [T If 1 i I 1 I 1 i 1
Ch= 10 Gl el s 2l e ol Sl || T | e 36
Ce= Gl "agl Al mllesdlaodsl A me gl LB | el i
Cs = 350 9o 15| =xf...|....[....] 6| s50}225| 735 1960 4536
Cr= | ool gei] g lls Bullong| e eesl[ot o sllo o df 1204 [ 2p ezl (67 ic)e) [P X V)
Co =t 770l o661 63 [ R[S S R 20 | 1764 131 32[m67284
O oG R 0215 (274 (MEETd [F) [ERSRS e sl s e [ 72 ol 13 008 | T 8 1124
= [ntall appteli2m eaE 5 6 B 156 G 6 ool s Al bt ol o dl | S{erte) BTl
Cs = |611501(28501| 51T ol KU SO | P 1 ok | ool o 0P[5 | T 40320
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7.368
dar ( )n——l n B !
L log 2)7 = Cospllog x)7= — Cosp(p — 1) (log )7
+ Cn-sp(? —1)(p—2)(logx)r=3—. .. },

where p is a positive integer. If #<p there are » terms in the series. If
n2p,

n — n—1 n n
2 togayr = {222 { Crip(log x)7* = Casp(p — 1) (l0g )7

+.oee + (—1)P+1(n?,,_pp(p— )p-2).... 2-1}-

7.369 1 ( P é Péi'l s 1’+2 5 PH2
= ? = —_— — _ur -
' {"g ”’x)} e S F Y 7wy b

—1<xrx< +1.

7.37 Derivatives of Powers of Functions. If y = ¢(x).

dr _ . (n=p\] _ n) I 1 a%y (n) 1 _2d" |
t dx"yp_P< n ){ <1 p—xyp dx"+ 2 p—zyp et RS

9 oz y = (7)) 42 ("> i (ﬂ)__r_d"y“ 2]
2 & 10gy_<1>1-ydx" 2-y? dx"+ 3/ 5% TR S

7.38
2 (Ega—‘i;—nbﬁn =mm—-1)(m—2)...... (m = [n — 1)) b7(a + dx)™"
P d"(a + bx)~t - (=) nlbn
; dxm (a + bx)H
d*(a +bx)~t 79503 & L(en—1),
3 dx® =(-pr 2”(a + bx)""’* b
d"log (a +bx) (s (n - 1)~
4 dxm i (a + bx)
dneax e !
5. Ec-"— =NaZels)
6 Eimeg sin (3nm + x)
© dxr 2 o

d™ cos x

L 1
ey = C08 Gum 4 ).



SPECTAL APPLICATION
dr (log x : (£ T
8'dx"(x> (-1) {logx— I+2+3+...

A 1-3-5....(2n—1){1_ i (;z)

9. Jpnhi 2*(1 — x)" VI - a2 2n—1
1355
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xntl

oL i I1—X
sin”'x =
IELN

Lo

161

)

G -

(( - I))n sin (n tan~! ;IC)

(2n —1)(2n - 3)

~d_"_ -1 . - n—1
0. o= (tan%) = (— 1)

7.39 Derivatives of Implicit Functions.

7.391 If y is a function of x, and f(x, ) = o.

9
L B0
"k of

ay

Of *f _ af af &f | (af\ &
L @__(;3—31);9? 2 9x 3y ax6v+<&> 9y’
2

&)

7.392 If z is a function of x and v, and f(x, y, 2) = o.

af af
Q95 _ _ o 8z &y
T 9x af’ oy af
0z dz
@53y &%
%z dz/ OJx? dx dx 0x0z 92%

Bt (3)

antaf  af of ouf (6_f>2 &f
0z (é) 9y! ~ % 3z ay 9yas ' \dy) 9z
3. 5—- = — 5 af 3
(3)
(0 2 (eI 2L o 20 sy
9% dz) Oxdy 9z \ox dydz  dy dwdz/ dx Jy 922

4 9 y (ﬂ)a
d3

(2n — 1)(2n — 3)(2n - 5)

Wi

)3



VIII. DIFFERENTIAL EQUATIONS.
8.000 Ordinary differential equations of the first order. General form:
dy _
dx ) f(x: y)
8.001 Variables are separable. f(x, ¥) is of, or can be reduced to, the form:

S5 3) ==

where X is a function of x alone and V is a function of y alone.

fde+ dey=C.

8.002 Linear equations of the form:

D1 PGy = 0@).

The solution is:

Solution:
y = ¢ S P { fQ(x)e_fP(‘)d" dx+C }

8.003 Equations of the form:

d
= + P@y = y"0).

Solution:

an_le—(n-x),/'P(x)dx ol (n _ I) fQ(x)e— (n—I)fP(z)dxdx =

8.010 Homogeneous equations of the form:

dy __ Plx, v
dx — Q(x, y)’ :
where P(x, y) and Q(x, y) are homogeneous functions of x and y of the same

degree. The change of variable:
Yy =,

‘ dv
/'W +logx=C.
0,9 **
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