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The Casimir Check for the Algebraic Matrices of the
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By using the eigenvalues of the Casimir operator for the group SU;, checking parameters were
obtained for 12 electrostatic interaction matrices of the configuration (d +s) "p.
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1. Introduction

The algebraic matrices of (d+s)"p comprise the electrostatic and spin-orbit interaction
matrices of the configurations d"p, d"'sp and d"2s?p, the matrices of the correction parameters
representing two and three body interactions of the core d electrons, as well as the matrices of the
interactions between configurations. The energy matrix (for a particular n) is then a linear combina-
tion of these matrices, the coefficients of which are parameters usually obtained empirically by
fitting the experimental levels to the eigenvalues of the energy matrix. The following lists these
parameters and gives their significance. Unprimed quantities denote the configuration d"p, primes
denote d"'sp and double primes d"2sp.

A, A", A", the heights of the configurations
S/:Al_‘A,SH:AH__A
B,B',B" linear combinations of the Slater parameters
F?*(dd) and F*(dd)
B=1/441 [9F?*(dd) —5F*(dd)] =F(dd) —5F s (dd) (1]t
c,c,c multiples of the Slater parameter F'*(dd) [1]
C=5/63 F4(dd) =35 F4(dd)
G s the parameter of the d—s interaction in the configuration d"~'sp
as=1/5G*(ds) [2]
Fs, Fy, F)' parameters of the direct part of the d— p interaction
F.,=1/35F*(dp) [1]
G, Gy, G, parameters of the exchange part of the d — p interaction
G1=1/15G(dp) (1]
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parameters of the exchange part of the d — p interaction
G3=3/245G>(dp)

the parameter of the p —s interaction in the configuration d"~!sp

G,,=1/3G"(ps) 3, 8¢]
correction parameters multiplying L,(L,+ 1), where L, is the angular momentum
of the core of (d+s)"p, i.e., (d+s)" [4-6]
correction parameters multiplying the seniority operator of Racah [2, 7]

parameters of Trees multiplying the squared matrix of the interaction

B2 8l =g dafo 1 [8, 9]
parameter of the d"—d"~'s interaction

H=R?(dd, ds)/35

parameter of the d"—'s —d"%s? interaction, defined the same as H
parameter of the direct part of the d"p —d"~'sp interaction,

J=R>(dp, sp)/5 [10, 11]

parameter of the direct part of the d"~'sp —d"~2s?p interaction defined the same

as J.

parameter of the exchange part of the d"p —d"~'sp interaction,

K=R'(dp, ps)/3 (10, 11]
parameter of the exchange part of the d"~'sp —d"~2s?p interaction defined the
same as K.

parameter of the d"p —d"%s’p interaction

G=R?*(dd, ss)/5=R?(ds, sd) /5= G*(ds)[5= G, 2]
parameters of the spin-orbit interaction of the d electrons [2]
parameters of the spin-orbit interaction of the p electron 2]

checking parameters multiplying L (L + 1), where L is the net angular momentum
for a particular term of (d+s)"p

checking parameters multiplying S(S+1) —S;(S,+ 1), where S is the net spin
of (d+s)"p and S, is the net spin of (d+s)"

The algebraic matrices of (d+s)"p were constructed and checked by the author with the
purpose of using them to explain and predict the spectra of the configurations (3d-+4s)"4p in
neutral and singly ionized atoms of the iron group. The problem of constructing the matrices was
considered previously, [11-13]. The purpose of the present paper is to describe a principal check
for the algebraic matrices. The checked matrices of the configurations (d+ s)"p, for all permissible
n, are available and can be obtained by request.

All checks are based upon the construction of such combinations of algebraic matrices so
that the eigenvalues of the resulting matrix may be predicted theoretically. If we know the values
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of the parameters required in order to form the desired linear combinations, then we insert these
values as coefficients multiplying the algebraic matrices found on tape, and diagonalize the resulting
matrix. If the obtained eigenvalues differ from those predicted theoretically then it is usually
not too difficult to find the reason for the discrepancy because in a particular check only a few
of the algebraic matrices are utilized.

2. Predicted Eigenvalues and Their Multiplicities

As explained by Elliott [14] the eigenfunctions of a single particle which may be either in a d
shell or an s shell can be considered as the basis of the representation (200) of the three dimensional
unitary group Us. The eigenfunctions of a system of n such particles may be classified according
to the irreducible representations of Us; which appear in the reduction of the nth power of the
representation (200). The electron p can be considered as belonging to (100). We write these
representations as (p, q, r) where p, g, r represent the lengths of the rows of the Young’s tableau
and p=qg=r. For (d+s)" p+ q+r equals 2n, whereas for (d+s)"p, p+ q+r equals 2n+ 1.
The representations of Uz which differ only by a number of columns of three blocks are equiva-
lent representations of SU;. Since Rj3, whose representation is characterized by L is a subgroup
of SUsz, we can always subtract r blocks from each row. The separation of the states belonging to
the different representations may be made by an interaction whose eigenvalues are proportional
to the Casimir operator of the group SUs. If these eigenvalues are given by g(p, ¢, r) we have
the relationship

g(Pv‘I»r)zg(P—raq_reO) (1)

Explicitly we have, [15]
g(p,q,r)=p*+q¢+r*—pq—pr—qr+3p—3r. )

The relationship (1) can also be checked directly from (2).

From Hamermesh [16], we obtain the rules of multiplying the Young’s tableaux. From a
paper by Racah [17] it is possible to obtain the values of L which appear in each tableau. Table 1
gives the values of L and the value of 2g for each particular tableau.

TABLE 1. Values of L appearing in the
representations of SU,

Representation Values of L 2g || Representation Values of L 2g
(00) S 0 (52) PDFFGH 68
(10) 1® 8 62) SDDFGGHI 92
(20) SD 20 (72) PDFFGHHIK 120
(30) PF 36 (33) PF 36
(40) SDG 56 43) PDFG 50
(50) PFH 80 (53) PDFFGH 68
(60) SDGI 108 63) PDFFGGHI 90
(70) PFHK 140 (73) PDFFGGHHIK 116
(11) P 8 (44) SDG 56
21) PD 18 (54) PDFGH 72
31) PDF 32 (64) SDDFGGHI 92
41) PDFG 50 (74) PDFFGGHHIK 116
(51) PDFGH 72 (55) PFH 80
61) PDFGHI 98 (65) PDFGHI 98
(71) PDFGHIK 128 (75) PDFFGHHIK 120
(22) SD 20 (66) SDGI 108
(32) PDF 32 (76) PDFGHIK 128
(42) SDDFG 48 (77) PFHK 140
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In order to obtain the tableaux of (d+s)", we consider two groups of electrons. Let the first
group be of (d+s)*, with all the electrons having ms equal to 1/2 and thus M, equals x/2. Let the
second group be of (d+s)"* with all the electrons having ms equal to —1/2 and thus M; equals
— (n—x)/2. In each group we use Pauli’s principle by taking the tableau(x) of maximal spin.
Between the two groups Pauli’s principle does not apply since they have different m;. By multi-
plying the tableaux we get all the terms of (d+s)", with M being equal to (2x—n)/2 and S taking
on the values between n/2and |2x—n|/2.

We now give the tableaux for (d+s)", and (d+s)"p, where n < 6. The superscript on each
tableau indicates the spin. Thus, the tableau of (d+ s) is written as 2(200).

In order to obtain the tableaux of (d+s)p, it is necessary to multiply the above tableau by
2(100). Then, (d+s)p is given by

2(200) X2(100) =13(300) +*3(210)
For (d+s)? we have
(200) X (200) = (400) + (220) + (310).

By Pauli’s principle we don’t get singlets and triplets for each tableau. However, by a com-
parison with the known terms of (d+s)?2, we can write

(d+s)%: 1(400) +'(220) +3(310).
To obtain (d+ s)2p, we simply multiply the above by 2(100). Then,

(d+s)%p: 2(500) +2(410) +2(320) +2(221) +2 4(410) + 2 4(320) + 2 4(311).

The tableaux of (d-+s)? are obtained by multiplying (310), which is the tableau of highest
spin in (d+ )2, by (200). Again by comparing with the known terms of (d+ s)? we can write

(d+s)%  2(510) +2(420) +2(321) +*(411) +*(330)
(d+s)2p:  1-3(610) +1:3(520) + 1-3(511) + 1+ 3(520) + 1+ 3(430) + 1+ 3(421 ) + 1-3(421)
+13(331) + 1-3(322) +33(511) + 3 3(421) + 3 3(430) +* 3(331).

To obtain the tableaux of (d+s)* we multiply (310) by (310). We note that in order to get
only the triplets and quintets of (d+s)*, we can multiply (411) + (330), which are of highest
spin in (d+s)3, by (200). The latter multiplication is useful in helping to identify the spins of the
various tableaux obtained by the multiplication of (310) by (310), which gives all the spins. Then by
comparing with the known terms of (d+s)*, we have

(d+3s)*: 1(620) +1(440) +1(422) +1(521) +3(611) +3(530) +3(521) +3(431) +3(332)
+5(431)

(d+s)*p: 2(720) +2(630) +2(621) 4 2(540) +2(441) + 2(522) + 2(432) +2(621)
+2(531) +2(522) + 2 4(711) + 2 4(621) + 2 4(630) + 2 4(540) + 2 4(531)
+2:4(621) 4+ 2:4(531) + 2 4(522) + 2 4(531) + 2 4(441) + 2 4 (432) + 24 (432)
+2,4(333) 4+ 4 6(531) +*+6(441) + +6(432).
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To obtain the tableaux of (d+s)® we multiply (411)+ (330), which are of spin 3/2 in (d+s)3,
by (310), which is of highest spin in (d+s)2. Again, it is very useful to multiply (431), which is the
tableau representing spin 2 in (d+s)*, by (200). The latter result yields the quartets and sextets
of (d+ s)>. By checking with the known terms of (d+s)> we have

(d+s)5:  2(721)+2(622) +2(640) +2(631) -+ 2(541) +2(532) + 2(442) +*(631)
+4(541) +4(532) +4(433) +6(442)

(d+s)5p: 13(821) +13(731) +1+3(722) + 1-3(722) + 1+3(632) + 1+3(740) + 1-3(650)
F13(641) 4+ 13(T31) + 13(641) + 1+3(632) + 13(641) + 13(551) + 13(542)
+13(632) +103(542) + 13(533) + 1+3(542) + 13 (443) +3:5(731) +3:5(641)
8:5(632) +85(641) +35(551) +55(542) +33(632) +3:5(542) +35(533)
8:5(533) 55 (443) + 5 7(542) + 5 7(443).

The tableaux of (d+s)® are obtained by multiplying (411)+ (330), which are of highest spin in
(d+s)%, by (411)+(330). If we multiply (442), which represents terms of spin 5/2 in (d+s)?, by
(200), we obtain the quintets and septets of (d+s)%. In addition, by multiplying (431), which gives
the highest spin of (d+s)?*, by (310), we get the triplets, quintets and septets of (d+ s)%. The
singlets are then what remains. To check we can again compare with the known terms of (d+s)°.

Thus

(d+5)%:  1(822)+1(660) +(741) +1(642) + 1 (642) + ' (444) +3(741) +73(732)
+3(642) +3(552) +3(633) +3(543) +3(651) +5(642) +5(543) +7(444.)

(d+s)5p: 2(922) +2(832) +2(760) +2(661) + 2(841) +2(751) + 2(742) +2(742)

+2(652) +2(643) +2(742) +2(652) + 2(643) +2(544) +24(841) +2:4(751)

+204(742) +24(832) +2:4(742) + 2 4(733) +2:4(742) + 2 4(652) + 2 4(643)
+2:4(652) +2:4(553) +2:4(733) + 2 4(643) +2:4(643) +2-4(553) + 2:4(544.)
+24(T51) + 2 4(661) +2:4(652) ++ 6(742) + 4 6(652) + + 6(643) + + 6(643)
+4:6(553) + 4 6(544) + 6 8(544.).

Tables 2—7 give the expected eigenvalues and their multiplicities for all terms of (d+s)"p.
where n < 6.

TABLE 2.  Expected eigenvalues and their multiplicities for (d + s)p

TABLEAU (30) (21)

Eigenvalue 36 18
Term
Y 1 1
'D 1
4 1
A 1 1
3D 1
a 1
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TABLE 3. Expected eigenvalues and their multiplicities for (d + s)*p

TABLEAU (50) (41) (32) (20) (11)

igenvalue 80 50 32 20 8

Term

&S 1

2R 1 2 2 1

2D 2 2 1

2F 1 2 2

G 2

2H| 1

S 1

EE 1 1

D) 1 1 1

iF 1 1

1G 1 ’
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TABLE 4. Expected eigenvalues and their multiplicities

for (d+s)’p
TABLEAU 61) (52) (40) 43) 31) (22) (10)
igenvalue 98 68 56 50 32 20 8
Term
1S 1 1
gy 1 2 1 2 i
D 1 2 il 1 2 1
F 1 4 1 2
1G 1 2 I 1
'H 1 2
] 1
SS 2 2
3P 1 2 2 3 1
3D 1 2 2 % 3 2
3F 1 4 2 3
3G 1 2 2 2
eH 1 2
3] 1
S 1 1
5P 1 1
0} 1 1 1 1l
5F 1 1
5G 1 1
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TABLE 5. Expected eigenvalues and their multiplicities

for (d+s)*p
TABLEAU (72) (60) (63) (51) (42) (33) (21)
Eigenvalue 120 108 90 72 48 36 18
Term
£S 1 4
2P 1 2 6 5 3
2D 1 1 2 6 8 3
F 2 4 6 4 5,
2G 1 1 4 6 4
’H 2 2 6
&l 1 1 2
K 1
&S 1 4
4y 1 3 3 3
4D 1 1 3 8 3
iF 2 3 4 3
G 1 2 3 4
‘H 1 &
4l 1 il
£S 1
ap 1 1
D 2 1
SF 1 1
G 1
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TABLE 6. Expected eigenvalues and their multiplicities for (d+s)’p

TABLEAU | (71) | (74) | (65) | (62) | (50) | (53) |(44) | (41) | (32) | (20) | (11)
igenvalue| 128 | 116 | 98 | 92 | 80 | 68 | 56 | 50 | 32 | 20 8

Term

1S 2 1 1

P 1 1 1 2 3 3 3 1

D 1 1 1 4 3 1 3 3 1

IF 1 2 1 2 2 6 3 3

G 1 2 1 4 3 1 3

H 1 2 1 2 2 3

| 1 1 1 2

K 1 1

38 3 2 3

5p 1 1 1 2 5 5 5 2

D 1 1 1 6 5 2 5 5 3

I 1 2 1 3 2 | 10 5 5

3G 1 2 1 6 5 2 5

sH 1 2 1 3 2 5

| 1 1 1 3

K 1 1

5S 1 1 2

5p 2 2 3 2

D 9 2 1 2 3 2

SF 1 4 2 3

5G 2 2 1 2

SH 1 2

i 1

P 1 1

) 1

T 1
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TABLE 7. Expected eigenvalues and their multiplicities for (d+s)®p

TABLEAU (70) | (76) | (73) | (61) | (64) | (55) | (52) |(40) |(43) | (31) |(22) |(10)

igenvalue {140 [128 {116 | 98 | 92 | 80 | 68 | 56 50 | 32 20 8

Term

28 3 2 2

2R 1 1 2 2 2 6 5 5 2

D 1 2 2 6 6 2 5 5 2

2F 1 1 4 2 3] 2 12 5 5

G 1 4 2 6 6 2 5

’H 1 1 4 2 3 2 6

el 1 2 2 &)

2K 1 1 2

ES 2 2 3

12 1 1 1 4 4 5 2

‘D 1 1 3 4 2 4 5 3

0 2 1 2 1 8 4 5

iG 2 1 4 4 2 4

‘H 2 1 2 1 4

gl 1 1 2

K 1

&S 1

R 1l 1 2 2

D 1 1 2 1

F 2 1 2

G 1 1

SH 1

ar 1
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3. The Parameters of the Casimir Check

Following Racah [18], we define the tensor operator u*) by

(nl| |u’(k)| |n’l/) = ann' 8II:-
Then let

n
(k) = k)[4
U= ud[i],
=i

where i refers to the ith of n electrons.

The group SU,,, is formed by the 4/(/+1) tensor operators UEI") where —k<qg<¥k and
1 < k <2l. Thus the group SUj; is formed by the eight operators U, UM, UM, U®), U, UPY, U2,
and U®). From equation (5-48) of Judd [19], we have for the Casimir operator of SU;

G(SUs) =3 {3[UV]* +5[UP]?}
=% {B[U(‘)]Z—}-S i [u®[i]]2+ 10 E u®[i] - u(‘l’[j]}. (3)

i<j

From the above expression we can immediately obtain which parameters enter the Casimir
check. From equation (103) of Racah [18], the first contribution is proportional to L(L+1), and
thus the parameter A must be included. The second term is a constant and is responsible for an
additive term for each electron of a given /. The last contribution is a sum of products of tensors of
second order and therefore only Slater parameters with k£ equal to 2 enter the Casimir check. These
are F';(dd) or B, F3(dp), G, H, and J.

If E, Ep, and E, are the additive constants for the electrons s, p, and d respectively, then from
table 1,

2§ = E,=20 (4)
*P=F,+2\=8 (5)
2D = Eq+ 61 = 20. (6)

As the parameters 4 and C do not enter the Casimir check we have from (78) RII [1], the tab-
leaux of (d+s)? and table 1,

d?3P=2E;+ 7B+ 2\=32 (7)
d? 3F=2E.—8B+ 12\ =32 (8)
d?'G=2Eq4+ 4B+ 20\ = 56. (9)
Solving (7), (8), and (9) yields
Eq=11, B=1, and A=3. (10)
Then, from (5)
E»=5. (11)

From p. 197, [3] and the tableau for ds 3D we have
ds*D=Eq.+E;— G, +6\=32. (12)
Inserting the values for Eq4, E;, and A from (4) and (10) yields
G (13)
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From (78) RII [1] and p. 197, [3]
ds 'D=Eq+ E;+ G+ 6\ 14)
d*'D=2E,— 3B +6\. (15)
Then, from (4), (10), and (13), we have
ds 'D=48 (16)
d?'D=28. 17)

Now, the interaction between d*'D and ds'D is given by —2V35 H, [20].
Then from (16) and (17), the eigenvalues of the matrix for 'D are

38+ V100 + 140H>.

Since, from the tableaux of (d+s)2, and table 1, these eigenvalues should equal 20 and 56,
H is given by

H=V40/5. (18)
The parameter G is the same as the parameter G, [2], and thus should also have a value equal
to 8. This result can be checked in the following manner.
Using (78) RII and the tableaux of (d-+s)? we have
d*'S=2E.+14B=36 (19)
s21S=2F,=40. (20)
From (75) RIII the interaction between d? and s? is given by V5 G. Thus, from (19) and (20),

the eigenvalues of the matrix for 'S are 38 += V4 + 5G2. Since the predicted eigenvalues are 20
and 56, we obtain

G=18, (21)
From p. 200 TAS, the tableau for dp 'F and table 1, we have
dp'F=Eq.+E,+2F, + 12\ = 36.

By using (10) and (11)

F,=1. (22)
Again from p. 200 TAS
dp'P=E;+ Ep+TF;+2\. (23)
From (10), (11), and (22) we obtain
dp 'P=26. (24)
Similarly,
sp'P=E;+E,+2\=28. (25)
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By (7) Ref. [11], the interaction between dp 'P and sp 'P is given by — (J + K) V2.

As K is a Slater parameter with £ equal to 1 it does not enter the Casimir check. Then from
(24) and (25), the eigenvalues of 'P are given by

27+ VI+2J°.
Since the predicted eigenvalues are 18 and 36, we obtain

J=2 V10: (26)

If we now consider (d+s)"p we have

A(d"p) =nE,+E,
=11n+5 (27)

S’ :Ar(d,,flsp)_A(dnp)
= (n—l)E,1+Ex+El;_nErI_E1:
=E,—E.=9. (28)

In the configuration d">s*p we must also take into account the exchange interaction between
the electrons d and s which is given by — (n—2)G,,, [11]. This is a constant for each term of

d"2s%p and thus the matrix multiplying G/ is not put on tape, but must be added to the height of
the configuration.

Thus,
S"=A"(d"32s’p) —A(d"p)
= (i =2)Bmar 248,ar 15— (0=2)Cy =il D=15},
=—2E;+2E,— (n—2)8
=34—8n. (29)

Thus, we have the following parameters for the Casimir check of (d +s)":

A=11n+5

S'=9

S"=34—8n

|

o ==

F,=F;=F3=

H=H'= V40/5

J=J'=2V10

A=\N=\N=4 (30)

The other parameters equal zero.

If we take into consideration only the parameters which enter the Casimir check, we have from

eqs (1) and (2) p. 296 TAS and eqs (11) and (12) pp. 182, 183 TAS, that the difference between the
configurations d°p and d'p is given by

— (25/2)ConoF*(dd) — [(— 4% 5)/2]C222F?(dd) .
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By eq (9) p. 182, TAS, the above expression reduces to — (2/7)F?(d,d) which equals —14B here.
Since the matrices of B for d®p which we used are the same as those of d*p, the above contribution

must be incorporated into the height of the configuration d%p.
Then, for (d+s)°%p

A(dp)=6E;+E,—14B=66+5—14=57
A'(d°sp) =5Eq4+E+ E, =80

S'=80—57=23
A"(d*s*p) =4Eq+ 2E,+ E, — 4G},
=57
S"=0.

4. The Casimir Check for (d+5s)"p, n > 6

The configuration (d+ s)!? consists of the single term d!°s2'S. In this case p+ g+ r equals 24,
and thus the Young’s tableau for (d—+s)!2 must be (8, 8, 8). Now, (d+s)" and (d+ s)!*" together
form (d+s)'2. Thus, if the Young’s tableaux of (d+ s)!2-" are (p, q, r), then the tableaux for (d+s)»
are (8—r,8—¢q,8—p) since in (p, q, r), r has the smallest number of blocks so that (8 —r) has the
largest number. The configuration (d+s)% is self-complementary. For (d+s)"p, the p electron
is then added to any row as longasp = ¢ =r.

In Ref. [11] it was shown that for n > 6, it is only necessary to calculate the matrices of the
parameters G;, G;, K, and K'. However, none of these parameters enter the Casimir check and
thus we only need this check for n <6. It is, nevertheless, instructive to obtain the Young’s tab-
leaux for at least one case when n > 6. Thus, we consider the configuration (d+ s)°p. Since the
tableaux of (d+s)? are

140)+ 1(22) +3(31),

the tableaux of (d+ s)'° are
1(884)+ 1(866) + 3(875).

We note that the expected eigenvalues are the same as those of (d+ s)®. This is generally
true because the only difference between (d+s)* and (d+ )2~ is a change in sign of the matrices
of H, for n even. However, changing the sign of all the matrix elements of the interactions d" — d"-1s,
and d"'s—d"%s? is equivalent to changing the sign of the rows and columns of d*~!s. This trans-
formation evidently does not change the eigenvalues. That the eigenvalues of the Casimir check
for the configurations (d+ s)" and (d+ s)'2~" are the same can also be seen from (2), as generally

g(p,q, r)=gla—r,a—q a—p).
Thus, specifically, for (d+s)" and (d+s)12—"
&(p, q,r)=gB~—r,8—q,8—p).
However, the tableaux of (d+s)'°p are
2(54) +2(33) +2(30) +2(21) +2-4(42) +2:4(33) +2:4(21).

We note that the expected eigenvalues differ from those of (d+ s)2p. This is because when going
from (d+s)"p to (d+s)2~"p the matrices of the parameters F,, F,, and F, change sign. This

change in sign affects the diagonal elements also and is sufficient to cause the eigenvalues to change.
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In addition, the matrices of either J and J' or H and H' change sign as we go from (d+s)"p to
(d+s)'2="p. Thus, in the Casimir check not only are the matrix elements of the interaction between
configurations in (d+s)"p of different sign than those of (d+s)!2~"p, but they also differ in

magnitude.
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